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Abstract

This paper presents a review of dynamic modeling techniques and various control schemes to control
flexible link manipulators (FLMs) that were studied in recent literature. The advantages and complexities
associated with the FLMs are discussed briefly. A survey of the reported studies is carried out based on
the method used for modeling link flexibility and obtaining equations of motion of the FLMs. The control
techniques are reviewed by classifying them into two main categories: model-based and model-free control
schemes. The merits and limitations of different modeling and control methods are highlighted.
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1 Introduction

Link flexibility is present in manipulators because of
two main reasons: the use of lightweight material and
the long or slender design. It introduces static and dy-
namic deflections of the link and end-effector. Neglect-
ing link flexibility in modeling and control of robots
causes static and dynamic errors while carrying out
any task. The static error includes a steady-state er-
ror, and dynamic errors include vibration and tracking
error. These errors result in the degradation of the
overall performance of the FLMs. From the control
point of view, mechanical flexibility introduces an ad-
ditional problem of non-colocation between the input
commands and typical outputs to be controlled. So,
it is crucial to consider link flexibility during modeling
and control design of FLMs.

Major advantages of FLMs over rigid, bulky robots
(designed with highly stiff materials) include, but are
not limited to, low cost, smaller actuators, reduced
energy consumption, high payload-to-robot-weight ra-
tio, high operational speed, better transportability,
and safer operation (Kiang et al., 2015). Because
of these underlying advantages, the research interest

in FLMs has increased significantly in recent years.
FLMs can be used in many engineering applications
for performing different robotic operations such as
space research (Sabatini et al., 2012; Jing et al., 2019;
Comi et al., 2019), construction automation (Cao and
Liu, 2020), offshore applications (wind farm, sea farm,
fish farm, autonomous mooring), aerospace industry,
robotic surgery (Li et al., 2015; Runciman et al.,
2019), and applications that require physical interac-
tion (Suarez et al., 2018) and human-robot collabora-
tion.

In contrast to the rigid industrial robot, it is not pos-
sible to control the precise position and orientation of
the end-effector of the FLMs to perform manipulation
tasks using only the rigid body kinematic information
and joint encoder readings. This is because link flexi-
bility causes deflection of the links and unwanted oscil-
lations, which causes problems in the precise position
control of the end-effector and may even lead to an un-
stable system. To control the vibration of the FLMs,
additional sensors like vision sensors, IMUs, are usu-
ally added to the FLMs control architecture to provide
vibration measurement of the flexible links or the end-
effector.
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For achieving minimum oscillations and good posi-
tion accuracy, the industrial robots are designed with
highly stiff materials (like heavy steel with bulky de-
sign), which consequently require expensive high-power
drives. However, the vibration of the end-effector at
high speed and high load is still present due to indus-
trial robot joint elasticity. In this context, lightweight
flexible manipulators are better (cheaper) alternatives
if the control architecture is designed to reduce the vi-
bration of the end-effector to an acceptable range (de-
pending on the application).

The nonlinear dynamics of the system with an in-
finite number of degrees of freedom make control of
FLMs more complicated than the conventional indus-
trial robots. In order to develop an efficient model-
based control algorithms for the FLMs, it is necessary
to construct a mathematical model of the system in-
corporating flexibility of the links. On the one hand,
it is impractical to model the flexible link with infinite
degrees of freedom for dynamic analysis and simula-
tions, but on the other hand, it is challenging to de-
scribe the system with a finite degree of freedom and
still being able to represent all the dynamically rele-
vant flexibility effects. Nevertheless, the actual system
behavior should be represented by a dynamically ac-
curate and computationally affordable mathematical
model to design a suitable (model-based) control al-
gorithm. When designing an FLM, it is important to
obtain dynamic features that avoid complex vibration
modes, which will make it difficult to control the FLM.
Therefore, modeling is essential for the model-based
design of FLMs for optimal control performance. In
general, additional generalized coordinates are intro-
duced to describe flexibility in addition to the coordi-
nates that are used to describe the rigid motion of the
manipulator in a Lagrangian formulation. Because of
the additional generalized coordinates, the FLMs have
fewer actuators than the number of degrees of free-
dom. As a result of this type of under-actuation, it is
more difficult to design suitable laws to control FLMs
than to control rigid arm manipulator. Lochan et al.
(2016a) described additional complexities involved in
the flexible manipulator, including the problem of con-
troller/observer spillover due to model truncation.

The study of modeling, control, and sensor systems
for the application of FLMs are of on-going interest
for researchers worldwide. With the recent advance-
ment in technology and the emergence of newer robot
applications, researchers are focusing on the accurate
dynamic modeling of the FLMs, controlling and apply-
ing them into different applications.

Because of a huge number of research publications
in FLMs, it is interesting to present an exhaustive re-
view of different modeling techniques, dynamic models,

control problems, control strategies, and complexities
involved in FLMs that are studied by many researchers
worldwide. Previously, the studies on FLMs were sur-
veyed by Jing et al. (2019), Sayahkarajy et al. (2016),
Alandoli et al. (2016), Lochan et al. (2016a), Kiang
et al. (2015), Hussein (2015), Rahimi and Nazemizadeh
(2014), Dwivedy and Eberhard (2006), and Benosman
and Le Vey (2004).

Jing et al. (2019) reviewed different dynamic sta-
ble control methods along with kinematic analysis of
space flexible manipulators. The control strategies
reviewed in the paper included linear feedback con-
trol, nonlinear control, and adaptive control. Further-
more, they pointed out several problems with model-
ing of dynamics and stable control of FLMs and pre-
sented some suggestions for the stable dynamic con-
trol. Sayahkarajy et al. (2016) and Lochan et al.
(2016a) surveyed different modeling methods and con-
trol schemes used for the two-link flexible manipula-
tor. Alandoli et al. (2016) presented a review of dif-
ferent mathematical modeling and control techniques
for FLMs by grouping them based on the number of
links: single-link, two-link, and multi-link manipula-
tors. Kiang et al. (2015) reviewed different modeling
methods, control techniques, sensors used for FLMs,
and flexible joint manipulators. Hussein (2015) fo-
cused the survey on different vision-based control ap-
proaches for FLMs. Rahimi and Nazemizadeh (2014)
reported a literature survey on three commonly used
dynamic modeling methods, namely lumped parame-
ter, assumed model, and finite element methods, and
three main intelligent control techniques, namely fuzzy
logic, neural network, and genetic algorithm. Dwivedy
and Eberhard (2006) reviewed the literature related to
dynamic analysis of flexible joint/link manipulators by
classifying them based on modeling, control, and exper-
imental studies. They further categorized papers based
on the number of links (single-link, two-link, and multi-
link manipulators) and method of analysis used in the
studies (lumped parameter, assumed modes, finite el-
ement, and other methods). Benosman and Le Vey
(2004) surveyed different control strategies for one-link,
two-link, and multi-link flexible manipulators based on
the studies published until 2004.

Besides a lot of research done in the field of model-
ing and control of FLMs in recent years (from 2016 to
present), a rigorous review of different modeling and
control techniques is not available to report the cur-
rent state of the art. This paper provides an extensive
review of different modeling and control techniques for
FLMs available in literature up to 2020 and hence com-
plements the earlier literature reviews. Besides, the
merits and demerits of different modeling and control
techniques are highlighted.
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The paper is organized into four sections as follows.
The various techniques for modeling FLMs, along with
their advantages and disadvantages, are summarized in
section 2. A comprehensive review of different methods
to control FLMs is presented in section 3 by categoriz-
ing them into model-based and model-free techniques.
Conclusions and discussions follow in section 4, along
with the suggestions on possible future directions for
research on FLMs.

2 Modeling of FLMs

Some applications require the design of long and slen-
der mechanical structures with infinite rigidity, which
is always an ideal assumption. Such structures possess
some degree of in-built flexibility, which is unavoidable
because of the material used and length of the link.
Moreover, in recent years, the use of lighter arms and
cheaper gears by robot manufacturers is justifiable in
order to compete with lower prices. In this context, it
is necessary to incorporate the flexibility for accurate
dynamic modeling of the system.

Apart from the complexities associated with mod-
eling link flexibility with infinite degrees of freedom,
there are other issues that are in common to rigid ma-
nipulators that need to be handled. One of them is
Coulomb friction in actuators, gears, and other trans-
missions. Additionally, joint flexibility, non-linearities
in gears as lost motion and backlash have to be in-
cluded in the dynamic model of the FLM. This section
emphasizes the research in modeling flexibility in the
links of FLMs rather than general modeling issues in
manipulators. A review of different methods commonly
used to model flexible bodies and techniques to obtain
equations of motion is presented.

2.1 Methods of dynamic modeling of
flexible bodies

Different models of flexible bodies are available in the
literature depending upon the assumptions and re-
quired complexity. The accuracy of the models de-
pends on the assumptions made to simplify the com-
plexity of the flexible link manipulator system. For
example, the Euler-Bernoulli equation is often used to
include bending of a flexible link that neglects the ef-
fects of shear deformation and rotary inertia, which
results in an error in deflection estimation for high-
frequency vibrations (Abe, 2009). There are four
main approaches that are commonly used in the lit-
erature: lumped parameter method (LPM), assumed
modes method (AMM), finite element method (FEM),
and transfer matrix method (TMM). Apart from these
common methods, there are other methods used for the

development of the dynamic model of the FLMs which
include, but are not limited to, perturbation method
(Khadem and Pirmohammadi, 2003; Jonker and Aarts,
2001), pseudo-rigid body method (Yanan et al., 2017),
global mode method (Wei et al., 2017), and modal in-
tegration method (Aarts and Jonker, 2002).

2.1.1 Lumped parameter method (LPM)

In this method, the flexible link is modeled as a set of
mass, spring, and damper connected by a torsion spring
joint (Subedi et al., 2020). Kim and Uchiyama (2003)
used this method to model FLM to clarify the vibra-
tion mechanism of a constrained, multi-DOF, flexible
manipulator, and to devise the suppression method.

Recently, researchers used the LPM to model flexi-
ble arms of multi-link manipulators (Giorgio and Del
Vescovo, 2018), the boom of a mobile concrete pump
(Wanner and Sawodny, 2019), and other flexible me-
chanical structures (Pappalardo and Guida, 2018).
Lochan et al. (2016b) utilized LPM to model the dy-
namics of a two-link flexible manipulator. Sun et al.
(2016), Cambera and Feliu-Batlle (2017), He et al.
(2017a), and Cambera and Feliu-Batlle (2018) mod-
eled a single-link flexible manipulator system based on
LPM. Pucher et al. (2019, 2020) described the elastic
deflection of a 3-DOF robot with flexible links using
LPM.

• Advantages

(a) Simple method.

(b) Easy implementation.

• Disadvantages

(a) Less accurate (Lochan et al., 2016a).

(b) Difficulty in determining spring constant
(stiffness) (Theodore and Ghosal, 1995).

2.1.2 Assumed modes method (AMM)

In AMM, the link flexibility is represented by a com-
bination of separable mode shapes and time-varying
generalized coordinates. The modal series is truncated
to a finite dimension because the contribution of higher
modes to the overall movement is negligible, and dy-
namics of the system are dominantly governed by only
the first few (low frequency) modes (Tokhi and Azad,
2008). This method is usually adopted when the global
shape functions can be analytically computed, like in
the case of links with simple geometries.

The proper choice of suitable boundary conditions
must be made while using AMM. Rahimi and Nazem-
izadeh (2014) and Lochan et al. (2016a) described four
main boundary conditions that are applicable accord-
ing to general beam vibration theories: pinned-pinned,

143



Modeling, Identification and Control

clamped-pinned, clamped-free, and clamped-clamped.
Ata et al. (2012) analyzed different combinations of
boundary conditions and their effect on the elastic de-
flection and corresponding actuators’ torques in a two-
link FLM. If the inertia ratio of the lightweight link to
the hub is small, the clamped (clamped-mass) bound-
ary condition yields better results than pinned bound-
ary conditions (Barbieri and Ozguner, 1988). Clamped
boundary conditions can be enforced by closing a feed-
back control loop around the joint (Luca and Siciliano,
1991). Compatible joint variables and deflection vari-
ables and their corresponding shape functions must be
selected (Book, 1990). If the joint angle is measured
from the tangent of the preceding beam link to the tan-
gent of the following beam link, clamped-free boundary
conditions are a good choice for basis shapes, and if the
angle between lines that connects successive joint axes
of the arm is used as joint variables, pinned-pinned
boundary conditions provide the necessary constraints
and are good choices (Kurfess, 2018).

Effects of payload on the FLM modeled using AMM
with clamped-mass boundary conditions were dis-
cussed by Ahmad et al. (2008) and Moh. Khairudin
(2008). Luca and Siciliano (1991) used different pay-
load conditions for modal analysis in a planar two-
link FLM. Celentano and Coppola (2011) proposed a
computationally efficient method based on the AMM
to model FLMs. Suarez et al. (2018) used AMM to
model a flexible link in a long-reach manipulator with
a lightweight dual-arm. Gao et al. (2018) used AMM
to develop an n-dimensional discretized model of a two-
link flexible manipulator where the dynamic behavior
of the flexible link is derived from the Lagrangian and
the Euler-Bernoulli beam theory. Saeed et al. (2019)
and Badfar and Abdollahi (2019) modeled the dynam-
ics of rigid-flexible manipulators using the AMM tech-
nique. Other recent works on single-link FLMs us-
ing AMM include, but are not limited to, the studies
done by Ouyang et al. (2017), Reddy and Jacob (2017),
Meng et al. (2018), and Zhang et al. (2019a). Further-
more, the AMM was used to model two-link FLMs by
Lochan and Roy (2018), Qiu et al. (2019), and Lochan
et al. (2020).

• Advantages

(a) The concept of natural frequencies is explicit.

(b) A model derived with AMM is of low or-
der that is advantageous for a control design
(Sayahkarajy et al., 2016).

• Disadvantages

(a) In the AMM, it is difficult to calculate
modes of the link with varying cross-sections
(Theodore and Ghosal, 1995).

(b) The selection of an accurate set of bound-
ary conditions (assumed modes) is challeng-
ing (error-prone) based on manipulator struc-
ture, payload, hub inertia, and natural modes
of vibration (Korayem et al., 2012).

(c) The complexity of the model increases with
the increase in the number of assumed modes
(Sayahkarajy et al., 2016).

2.1.3 Finite element method (FEM)

In FEM, the flexible link is modeled as a combination of
finite number of elements, and the displacement at any
point of the continuous element is expressed in terms
of finite number of displacements at the nodal points
multiplied by the polynomial interpolation functions
(Theodore and Ghosal, 1995). Beres et al. (1993) used
Lagrange formulation, and Amirouche and Xie (1993)
developed a recursive formulation using Kane’s equa-
tion to obtain the dynamic model of a multi-link flexi-
ble manipulator based on FEM. Zhang and Yu (2001)
modeled a spatial 4R manipulator with four flexible
links using FEM. Korayem et al. (2009) modeled planar
two-link FLM using this method. Heidari et al. (2011)
proposed a nonlinear finite element model for the dy-
namic modeling of FLMs undergoing large deforma-
tions and tested the proposed approach in a single-link,
very flexible arm. Recently, Singla and Singh (2019)
used FEM to model a two-link FLM where the elastic
behavior of the link is modeled using Euler-Bernoulli
Beam theory and Lagrange approach to derive equa-
tions of motion. Similarly, Sahu and Patra (2016) used
FEM to model a 2-DOF serial FLM. Furthermore, re-
cent studies using FEM to obtain the mathematical
model of single-link FLMs include the works by Tahir
et al. (2017), and Garcia-Perez et al. (2019).

• Advantages

(a) All the generalized coordinates are physically
meaningful in FEM (Lochan et al., 2016a).

(b) In FEM, the connection is supposed to be
clamp-free with a minimum of two mode
shapes per link (Korayem et al., 2009).

(c) Applicable for complex cross-sectional ge-
ometries (Theodore and Ghosal, 1995).

(d) FEM can handle nonlinear and mixed bound-
ary conditions (Korayem et al., 2009; Tokhi
and Azad, 2008).

(e) Fewer mathematical operations are required
for inertia matrix computation in the FEM
model (Theodore and Ghosal, 1995).

• Disadvantages
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(a) The use of FEM to approximate flexibility
gives rise to an over-estimated stiffness ma-
trix, which may lead to an unstable closed-
loop response (Theodore and Ghosal, 1995).

(b) The FEM is computationally very expen-
sive because of a large number of state-space
equations (Theodore and Ghosal, 1995; Beres
et al., 1993; Korayem et al., 2012).

(c) The concept of natural frequency is not ex-
plicit (Lochan et al., 2016a).

2.1.4 Transfer matrix method (TMM)

In TMM, each element of the system is represented
by a transfer matrix that transfers a state vector from
one end of the element to the other, and the system
transfer matrix is obtained by multiplying the element
transfer matrices together (Krauss and Book, 2007; De
Luca and Book, 2016). Krauss and Book (2007) devel-
oped Python software modules for modeling and con-
trol design of flexible robots using the TMM. Although
the TMM can be used to model the FLMs without
any spatial discretization or mode shape assumptions,
it leads to infinite dimensional transfer functions in-
volving transcendental expressions in the Laplace vari-
able s and hence, it is limited to the linear system.
It is impossible to compute inverse Laplace transform
of the infinite dimensional transfer functions; there-
fore, it is difficult to perform the time domain simula-
tions. This problem of traditional TMM is overcome by
the discrete-time transfer matrix method (DT-TMM),
allowing nonlinear systems to be analyzed and facil-
itating time-domain simulations Krauss and Okasha
(2013).

Li and Zhang (2016) combined the discrete-time
transfer matrix method with the finite segment method
and proposed a computationally efficient method for
the modeling of FLMs. Kivila et al. (2017) elaborated a
systematic method for finding natural frequencies and
mode shapes for n-link spatial serial manipulators us-
ing TMM and validated the method by finite element
analysis and experiments. An improved approach for
spatial discretization of transfer matrix models of flex-
ible structures was proposed by Krauss (2019) for con-
verting a TMM model to a state-space model for sys-
tems with significant actuator or zero dynamics. Apart
from the capabilities of TMM in feedback control de-
sign using Bode plots, discretization approaches can be
used to obtain a state-space form from a TMM model
so that modern (state-space) control design techniques
like pole-placement can be applied (Krauss, 2019).

• Advantages

(a) This approach avoids the possibility of modal
spillover because a reduced-order model is
never used (Krauss, 2012).

(b) The TMM is well suited to modeling FLMs
when the model is used for control design
because it is a frequency domain technique
that outputs Bode plots, which makes it easy
to incorporate feedback (Krauss and Book,
2007).

(c) The establishment of global dynamic equa-
tions for modeling a system is not needed (Li
and Zhang, 2016).

(d) The orders of the matrices involved in the cal-
culation always remain small regardless of the
number of elements in the model, which sig-
nificantly increases the computational speed
(Li and Zhang, 2016).

• Disadvantages

(a) It makes no allowance for interaction between
the gross motion and the flexible dynamics of
the manipulator, nor can these effects be eas-
ily included in the model (Tokhi and Azad,
2008).

2.2 Methods of deriving equations of
motion

There are three common methods to derive the gov-
erning equations of motion of the FLMs, which have
their own merits and demerits: Newton-Euler equa-
tions, Lagrange equations, and Kane’s method. Kane
and Levinson (1980) presented the comparison of dif-
ferent methods for deriving the equations of motion.
In addition to these commonly used methods, other
techniques to obtain equations of motion of FLMs in-
cludes, but are not limited to, Hamilton’s principle
(Ding et al., 1989; Dogan and Morgül, 2010; Yang et al.,
2018b; Yang and Tan, 2018; Yang et al., 2019; Cao and
Liu, 2020; Meng and He, 2020) and Gibbs-Appell for-
mulation (Korayem and Shafei, 2007).

2.2.1 Newton-Euler formulation

In this formalism, the dynamic equations are written
separately for each body/link. Boyer and Glandais
(1999) used the Newton-Euler formulation for obtain-
ing the dynamic model of a spatial four degrees of free-
dom flexible manipulator. Sabatini et al. (2012) mod-
eled multi-body dynamics of flexible space manipula-
tor using the Newton-Euler approach. Subedi et al.
(2020) used the Newton-Euler technique with LPM
to derive equations of motion for a flexible cantilever
beam. Bascetta et al. (2017) developed a closed-form
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model of three-dimensional flexible manipulator with
links of general shape using the Newton-Euler formu-
lation. Scaglioni et al. (2017) used the Newton-Euler
method to obtain a closed-form control-oriented model
of the highly flexible manipulators.

• Advantages

(a) Simple formulation because the equations of
motion will always have the same form in-
dependently of the geometry, inertia, or con-
straints of motion of a rigid body (Malvezzi
et al., 2019).

(b) Inverse dynamics is in real-time because the
equations are evaluated in a numeric and re-
cursive way.

(c) It may be considered better than the La-
grangian method for the implementation of
model-based control schemes because the
equations can be implemented by numerical
programming methods.

• Disadvantages

(a) Workless constraint forces or torques must be
determined, which is difficult when the sys-
tem is composed of many bodies (Malvezzi
et al., 2019).

2.2.2 Lagrange formulation

The Lagrange method eliminates interaction forces be-
tween adjacent links and provides a systematic method
for developing the equations of motion of the entire
system. In this formalism, the symbolic closed-form
equations are obtained directly. Ahmad et al. (2008),
Moh. Khairudin (2008), Abe (2009), Celentano and
Coppola (2011), Ouyang et al. (2017), Ouyang et al.
(2017), Reddy and Jacob (2017), Meng et al. (2018),
Sun et al. (2018), Badfar and Abdollahi (2019), Lochan
et al. (2019), Qiu et al. (2019), Qiu and Zhang (2019),
Saeed et al. (2019), Pradhan and Subudhi (2020), and
Boucetta et al. (2020) used the Lagrange formulation
for obtaining the mathematical model of the FLMs
with AMM.

Other recent studies using the Lagrange method
for deriving equations of motion of the FLMs in-
cludes, but are not limited to, Singh and Rajendran
(2016), Si et al. (2017), Dong et al. (2019), Mehria and
Foruzantabarb (2019), Singla and Singh (2019), and
Agrawal et al. (2020).

• Advantages

(a) Eliminates workless constraint forces to
obtain constraint-free differential equations
(Malvezzi et al., 2019).

(b) It may be considered better than the Newton-
Euler method for the study of dynamic prop-
erties and analysis of control schemes because
the closed-form symbolic equations are ob-
tained directly.

• Disadvantages

(a) Complicated derivatives of Lagrangians (en-
ergy functions), which often results in com-
plex formulation (Kane and Levinson, 1980).

(b) Lengthy equations.

(c) Computationally inefficient (Li and Sankar,
1993).

2.2.3 Kane’s method

Concepts of generalized speeds, angular velocities, and
partial velocities are the key elements of Kane’s method
(Kane and Levinson, 1985). The equations of mo-
tion derived from Kane’s method are superior (sim-
pler form and requires a minimum of labor to derive)
to Lagrange’s equations for the formulation of equa-
tions governing modal coordinates (Kane and Levin-
son, 1980).

Buffinton (1992) used AMM and an alternative form
of Kane’s method to formulate the equations of motion
of a two-degree-of-freedom manipulator (like Stanford
Arm) with a translational flexible beam. Amirouche
and Xie (1993) derived equations of motion of a two-
link robot manipulator with a rigid link and a flexi-
ble link based on Kane’s equation and the general ma-
trix representation of the partial velocities and par-
tial angular velocities. They used a recursive formula-
tion based on FEM. Meghdari and Fahimi (2001) used
Kanes method in conjunction with improved assumed
modes technique to obtain first-order decoupled equa-
tions of motion of the two-link flexible manipulator in
conjunction with choosing a proper congruency trans-
formation between derivatives of generalized coordi-
nates and generalized speeds. Zhang and Zhou (2006)
used Kane’s method to derive the equations of motion
of the flexible robots and showed the effects of flexibil-
ity on the dynamics of the robot with two flexible links
and one rigid link connected by three flexible joints.
They used AMM to describe the deformation of the
flexible links.

Recently, Ren et al. (2016) used Kane’s method to
establish the dynamic equations of motion of a two-
link manipulator with two flexible joints/flexible links.
Jia et al. (2017) used Kane’s method to derive the cou-
pled dynamics of the multi-link flexible system(with
two flexible links and two rigid links) and a singular
perturbation approach to decouple the dynamics of the
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whole system into a fast subsystem and a slow subsys-
tem. Additionally, other relevant studies using Kane’s
method for modeling FLMs includes Malvezzi et al.
(2019), Bian et al. (2018), and Bian and Gao (2018).

• Advantages

(a) Kane’s method leads to simpler equations of
motion (Kurfess, 2018).

(b) Differentiation scalar energy function is not
required (Kane and Levinson, 1980).

(c) Computationally efficient (Kurfess, 2018).

(d) Eliminates constraints forces that ultimately
do not contribute to the equations of motion
to obtain constraint-free differential equa-
tions (Malvezzi et al., 2019; Kurfess, 2018).

(e) It can be used for solving the dynamics of
robots containing closed-chains without cut-
ting the closed-chain open (Ma Xiang-feng
and Xu Xiang-rong, 1988).

(f) It allows the use of motion variables (gen-
eralized speeds) that permit the selection of
these variables as not only individual time-
derivatives of the generalized coordinates but
any convenient linear combinations of them
(Kurfess, 2018).

• Disadvantages

(a) It is necessary to calculate the acceleration
of the center of mass of each body (in the
Lagrangian formulation, it is only necessary
to calculate only the velocities of the center
of mass of each body).

2.3 Modeling FLMs undergoing small,
moderate, and large deflections

Link flexibility in FLMs can be modeled assuming ei-
ther small, moderate, or large deflections. Most of the
standard dynamic modeling approaches for FLM as-
sume small deflections in general. This can be a rea-
sonable assumption for most of the robotic applications
but can be violated in some applications which require
high accelerations, velocities, tip forces, and torques.
Some studies consider moderate and large deforma-
tions to overcome the limitations of assuming small de-
flection. Luca and Siciliano (1991) used the Lagrangian
approach with AMM to derive the closed-form equa-
tions of motion for multi-link planar FLM under small
deflection assumption where the links are modeled
as Euler-Bernoulli beams with proper clamped-mass
boundary conditions. Boyer and Glandais (1999) pro-
posed the dynamic model of FLMs derived using the
Newton-Euler method premised on an exact nonlinear

Euler-Bernoulli field that can model moderate defor-
mations or some second-order effects which appears in
some limit cases as high velocities, accelerations, or tip
forces and torques. Abe (2009), Heidari et al. (2011),
Celentano (2016), Giorgio and Del Vescovo (2018), Es-
fandiar et al. (2017), and Scaglioni et al. (2017) devel-
oped the dynamic model of FLMs under the hypothesis
of large link deformations.

2.4 Partial differential equation (PDE) vs.
ordinary differential equation (ODE)
models

The majority of the works done in FLMs rely on ODE
models, which are derived by either LPM, AMM, or
FEM. The finite dimensional ODE approximation of
the PDE dynamic model is not precise enough to
describe the distributed states of the FLMs, specifi-
cally because the FLMs are linear PDE models inher-
ently (Yang et al., 2015). Conventional control tech-
niques can be used with finite dimensional ODE mod-
els (Zhang et al., 2004). Although the ODE models are
simple for control design and analysis, they may cause
problems such as spillover instability, a high order of
controllers, and difficulty in engineering implementa-
tion (Zhang and Liu, 2012b).

To avoid the problems associated with ODE models,
the PDE dynamic models are studied, which are de-
rived without any truncation of vibration modes and
are precise enough to describe the distributed states.
Commonly, Hamilton’s principle is used to derive gov-
erning equations of the FLMs modeled using PDE.

The resulting PDE models are infinite dimensional
avoiding spillover errors and the errors caused due to
mode shape truncation and simplification of the bound-
ary conditions (Zhang et al., 2004). In the case of the
rigid-flexible manipulator, coupled ODEs-PDEs can be
used to obtain the dynamic model of the system (Cao
and Liu, 2017b).

However, the control design using PDE models is
more challenging compared to ODE models (Zhang
et al., 2005; Liu et al., 2017), and accurate simulation
of a nonlinear PDE is itself a very complex problem
(Dogan and Morgül, 2010).

Zhang et al. (2004) compared typical PDE and ODE
models for the two-link flexible manipulators. Al-
though, the PDE modeling and control strategies re-
quire design insights for simplifications and are theo-
retically involving, it is claimed that the PDE models
are much more attractive from the stability and robust
control design perspectives with guaranteed stability
properties (Zhang et al., 2004). Zhang et al. (2005)
derived a PDE model for a two-link flexible manipula-
tor, and experimental hardware setup was used to val-
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idate the analytical PDE model. Recently, Dogan and
Morgül (2010), Zhang and Liu (2012a), Zhang and Liu
(2012b), Zhang and Liu (2012c), Zhang and Liu (2013),
Yang et al. (2015), Jiang et al. (2017), Liu et al. (2017),
Liu et al. (2018), Yang et al. (2018b), Yang and Tan
(2018), Zhang et al. (2019b), Cao and Liu (2019), Yang
et al. (2019), Li et al. (2020), Cao and Liu (2020), and
Meng and He (2020) used PDE models for relevant
studies of FLMs.

3 Control of FLMs

Although the FLMs have many advantages for their
use in a wide range of applications, the problem of
control for damping out oscillations quickly and ef-
fectively is challenging. The control complexities as-
sociated with FLMs include, but are not limited to,
non-minimum phase in the system, non-collocation,
and under-actuation (Lochan et al., 2016a). More-
over, some of the complexities like controller/observer
spillover arise because of the choice of the dynamic
model of the FLMs. If a finite dimensional represen-
tation of a distributed parameter system (i.e., FLMs)
is used (based on LPM, AMM, or FEM) to design
the control system, some of the unmodeled dynamics
present in the dynamic model of the system cause con-
trol and observation spillover. This may lead to an un-
stable closed-loop system. Thus, it is necessary to con-
sider the complexities associated with the control of the
FLMs while carrying out mathematical modeling of the
system. Nevertheless, a model-free robust controller
can be used to avoid controller/observer spillover prob-
lem caused due to model truncation (Dwivedy and
Eberhard, 2006). In addition to vibrations due to
link flexibility, there are other problems such as fric-
tion, backlash, and gear non-linearities that should be
addressed by the control algorithm designed for FLMs.

One of the critical steps in the controller design is
the tuning of the control parameters. Global controller
tuning for the whole workspace and for different loads
is challenging in both model-based and model-free con-
trollers. Moreover, model parameters may need tuning,
even if model identification has been made. Differ-
ent methods for tuning FLM controller gains include
the Ziegler-Nichols method (Mohamed et al., 2016;
Agrawal et al., 2020), LMI approach (Mohamed et al.,
2016), dynamic particle swarm optimization method
(Agrawal et al., 2020), self-tuning method using the ar-
tificial neural network (Njeri et al., 2019), self-tuning
method based on nonlinear autoregressive moving av-
erage with exogenous-input (NARMAX) model of the
FLM (Pradhan and Subudhi, 2020), soft computing
based tuning method (Singh and Ohri, 2018), and self-
tuning method based on generalized minimum variance

(Qiu et al., 2019). Compared to the standard Ziegler-
Nichols tuning method, the recent self-tuning meth-
ods have shown superior performance in the control of
FLMs (Agrawal et al., 2020).

Main control problems that are studied in the litera-
ture for FLMs are categorized as follows (Lochan et al.,
2016a):

(a) Tip position control (Sahu et al., 2019a; Singh and
Rajendran, 2016)

(b) Joint position control (Pradhan and Subudhi,
2020)

(c) Tip trajectory tracking control (Lochan and Roy,
2018)

(d) Joint trajectory tracking control (Si et al., 2017;
Huan and Xian, 2017; Lochan et al., 2020)

(e) Vibration control (Reddy and Jacob, 2017)

(f) Motion control (Wang et al., 2017; Zhang and Yu,
2001; Tian et al., 2002)

(g) Force control (Rigatos and Busawon, 2018; Bazaei
and Moallem, 2010)

(h) Hybrid control (position and force (Matsuno and
Yamamoto, 1993; Wang et al., 2020), position and
vibration (Singh and Ohri, 2018), trajectory track-
ing and vibration (Garcia-Perez et al., 2019), and
other combinations).

There are various control schemes reported in the lit-
erature, depending on the control problems. Jing et al.
(2019) presented a state-of-the-art review on kinematic
analysis and dynamic stable control of space flexible
manipulators and pointed out existing problems and
suggestions on dynamic stable control. Lochan et al.
(2016a) surveyed different control schemes for joint
position control, tip position control, joint trajectory
tracking control, and tip trajectory tracking control
problems for the two-link flexible manipulators. The
control schemes reported are categorized into classi-
cal control, robust control, intelligent control, and hy-
brid control techniques. Alandoli et al. (2016) pre-
sented different control methods for regulating the mo-
tion and suppressing the vibration of single-link, two-
link, and multi-link flexible manipulators. The re-
view showed the effectiveness of model predictive con-
trol with/without piezoelectric actuators, a combina-
tion of the robust nonlinear and fuzzy compensator,
linear quadratic regulator, and fuzzy logic controllers
for the control and vibration suppression of FLMs.
Sayahkarajy et al. (2016) reviewed different control
techniques for FLMs, including classical linear control,
optimum control, inversion-based control, command
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Figure 1: Control schemes

shaping techniques, trajectory optimization, force con-
trol, intelligent control techniques (using fuzzy logic,
neural networks, and genetic algorithm), and robust
control. Kiang et al. (2015) summarized the advan-
tages and disadvantages associated with different con-
trol techniques used for FLMs, which are represented
diagrammatically in figure 1. Closed-loop control of
the flexible manipulator system requires some forms of
feedback signals to apply any suitable control strate-
gies. The feedback control signals for the flexible ma-
nipulator system could include, but are not limited to,
tip’s acceleration, tip displacement, and strain along
the link. Different sensors used in the control of flexi-
ble manipulators are reviewed in (Kiang et al., 2015),
which include strain gauges, accelerometer, vision sys-
tems (cameras), position-sensitive devices, piezoelec-
tric materials, ultrasonic sensor, and range sensors.
Hussein (2015) reviewed different approaches of flexi-
ble robot control using visual servoing along with their
advantages, disadvantages, and comparisons. Rahimi
and Nazemizadeh (2014) reported a review of different
intelligent control techniques of flexible manipulators
by categorizing them into fuzzy logic, neural network,
and genetic algorithm approaches and pointed out that

intelligent control strategies, which do not need a priori
knowledge of system dynamics, may provide a better
way to approach control of FLMs. Benosman and Le
Vey (2004) presented a survey study of different control
methods used for FLMs including PD control, input-
output linearization via static state feedback-the com-
puted torque, adaptive control, neural network based
control, lead-lag control, output redefinition, singular
perturbations, sliding mode control, stable inversion in
the frequency domain, stable inversion in the time do-
main, algebraic control, poles placement, optimal tra-
jectory planning, optimal control, robust control, me-
chanical wave approach, input shaping, boundary con-
trol, and exact linearization via dynamical state feed-
back.

The purpose of this section is to present the review of
different control schemes for the control of FLMs that
are published recently (mostly from 2016 to 2019). The
control techniques are divided into two main categories:
model-based control and model-free control.
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3.1 Model-based control techniques

In model-based control, we use the system’s dynamic
model explicitly to aid in the controller design. The
mathematical model is applied to calculate the con-
troller response required to obtain the explicitly spec-
ified desired output response. Model-based control
techniques (see figure 1) include input/command shap-
ing control, feed-forward control, optimal control, op-
timal trajectory planning, boundary control, linear
quadratic gaussian/regulator, predictive control, and
(state) observer-based control (Kiang et al., 2015).

Since the controller is derived using the dynamic
model of the system, the parameters of the model
should closely match the real system to achieve good
control performance. The parameters of the FLM
model are obtained by best fit to measurements made
during the excitation of the real robot or even a more
accurate model of the robot (for example, the FEM
design model). Excitation is usually made in the same
frequency range as it will be used for the control of the
FLM. Most of the model-based controller proposed in
the literature use system identification techniques to
determine precise model parameters. Then the iden-
tified parameters are used to design the controller.
Krauss (2012) used an optimization algorithm to find
values for the FLM system parameters that minimize
the error between the experimental Bode plots and
those from symbolic TMM analysis. Mohamed et al.
(2016) performed system identification to obtain a set
of linear models of a two-link flexible manipulator. Lou
et al. (2017) proposed a reduced-order transfer function
with relocated zeros and added a first-order inertia el-
ement to the model to precisely identify the system
model. Ripamonti et al. (2017) identified model pa-
rameters using the Prony method and a minimization
of the error between the numerical and experimental
frequency response function (FRF) in the frequency do-
main. Cambera and Feliu-Batlle (2017) identified the
parameters of the motor subsystem using the velocity-
time response of the motor, and that of the flexible link
subsystem using the frequency response of the system.
Comi et al. (2019) and Subedi et al. (2020) used ex-
perimental measurements to identify lumped param-
eters of the flexible manipulators. Qiu and Zhang
(2019) identified the locally controlled autoregressive
moving average (CARMA) model of the flexible ma-
nipulator through experiments. Pradhan and Subudhi
(2020) used a recursive least square (RLS) algorithm
to identify the parameters of the nonlinear autoregres-
sive moving average with exogenous-input (NARMAX)
model of the FLM on-line. It can be noted that the
model parameters of the FLM can be identified online
and offline. However, the main limitation of system
identification is that some of the phenomena of the

original plant cannot be deduced from the input-output
relationship (Njeri et al., 2018).

Input shaping is one of the traditional and effec-
tive vibration control techniques for flexible mechani-
cal systems with known dynamic characteristics. How-
ever, it is an open-loop strategy. Therefore, the input
shaping method is combined with other feedback con-
trollers to overcome its problem of open-loop nature.
Newman and Vaughan (2018) presented a concurrent
design of linear feedback control with input shaping
for the energy-efficient point-to-point motion of a two-
link flexible manipulator while minimizing command-
induced vibration. Mehria and Foruzantabarb (2019)
proposed a closed-loop input-shaping control tech-
nique based on the linear matrix inequality method
to solve the problem of open-loop input shaping con-
trol. Tahir et al. (2017) designed output based filter
and incorporated it with linear quadratic regulator and
PID controller separately for the position and resid-
ual vibration control of single-link flexible manipula-
tor and highlighted the superior performance of linear
quadratic regulator over PID controller in tracking, vi-
bration suppression, and robustness to payload vari-
ation. Ju et al. (2019) combined the state feedback
control with the input shaping technique for vibration
control of translational flexible manipulator under vari-
able load conditions. Giorgio and Del Vescovo (2018)
studied trajectory tracking and vibration control of the
highly flexible planar multi-link flexible manipulator
using an optimal input pre-shaping approach and feed-
back from the joint angles to make the system less sen-
sitive to external disturbances.

Many classical feedback control techniques have been
explored for the active vibration suppression of FLMs.
Lou et al. (2017) presented experimental identification
and multi-mode vibration suppression of a flexible ma-
nipulator with piezoelectric actuators and strain sen-
sors using optimal multi-poles placement control tech-
nique. Badfar and Abdollahi (2019) used a linear ma-
trix inequality approach to address trajectory tracking
control of two-link rigid-flexible manipulator based on
linear state-space model and linear quadratic regula-
tor. Singh and Rajendran (2016) proposed an inte-
gral fast output sampling control for FLMs with the
LMI approach and compared the performance of the
proposed method with an observer-based discrete-time
state feedback strategy.

Ghasemi (2017) proposed a filtered feedback lin-
earization controller for the simultaneous position-
ing and vibration suppression of a single-link flexible
manipulator that requires limited model information,
specifically, knowledge of the vector relative degree,
and knowledge of the dynamic-inversion matrix. Ad-
ditionally, the filtered feedback linearization controller
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was combined with a high-gain adaptive law for ro-
bust control and addressed the problem of model un-
certainty. Cambera and Feliu-Batlle (2017) and Cam-
bera and Feliu-Batlle (2018) studied the input state
feedback linearization controller for the tip positioning
and vibration suppression of a single-link flexible link
arm with and without gravity compensation, respec-
tively. They implemented the controller into a double
loop cascade control scheme, in which the inner loop is
for joint position control in the presence of friction dis-
turbances, and the outer loop is for trajectory tracking
and vibration suppression of the end-effector.

Njeri et al. (2018) proposed a filtered inverse con-
troller for the suppression of link vibration in a multi-
link flexible manipulator. Saeed et al. (2019) presented
model-based nonlinear control of the planar two-link
rigid-flexible manipulator based on the full state model
of the system. Abe (2009) proposed an optimal trajec-
tory planning technique based on particle swarm opti-
mization algorithm for suppressing residual vibrations
in two-link rigid-flexible manipulators. Zhang and Liu
(2012c) proposed the optimal trajectory boundary con-
trol of the two-link flexible manipulator based on the
PDE model. Cao and Liu (2018b) studied the optimal
trajectory control problem for the trajectory tracking
and vibration suppression of a two-link rigid-flexible
manipulator based on the ODE-PDE model of the sys-
tem.

Some control strategies, like input-output control,
need all of the states’ feedback. But, in FLMs, mea-
suring all the flexural states is practically impossible.
To overcome this problem, Mosayebi et al. (2012) pro-
posed input-output control of FLM based on a non-
linear high gain observer to estimate the elastic de-
grees of freedom and their time derivatives. Reddy and
Jacob (2017) proposed the Kalman filter based state-
dependent Riccati equation controller for accurate po-
sitioning and vibration suppression of the FLM. Ripa-
monti et al. (2017) presented model-based sliding mode
control for vibration suppression of a three-link flexible
manipulator using the linear and nonlinear sliding sur-
face. They used a nonlinear state-space observer from
the identified modal model of the FLM for sliding mode
control.

Zhang and Liu (2012b) proposed observer-based
boundary control for end-effector regulation, vibration
suppression, and trajectory tracking of a two-link flex-
ible manipulator in task space. The proposed method
relies on the accurate dynamic model of the FLM. Liu
and He (2018) presented boundary control for the one-
link flexible manipulator using singular perturbation
techniques that includes a position controller and a di-
rect feedback controller to suppress the vibration. Cao
and Liu (2019) proposed a controller with input quan-

tization based on the PDE model of a two-link rigid-
flexible manipulator for joint angle control and vibra-
tion suppression.

Li et al. (2020) studied unknown control direction
problem of the FLMs based on the PDE model and
proposed boundary control for angle tracing and vi-
bration elimination of the single-link flexible manipu-
lator and adopted the Nussbaum technique in the con-
troller design to circumvent the problem of uncertain
control directions. To deal with the parametric uncer-
tainties, varying payloads, and disturbances, adaptive
and robust boundary control techniques are proposed
(Liu et al., 2016; Schnelle and Eberhard, 2017). Jiang
et al. (2018) proposed a boundary controller for the
FLM based on the PDE robust observer to achieve
the stability control, regulate the joint position, and
suppress elastic vibration. He et al. (2018) designed
the boundary controller with input backlash and the
output feedback controller based on the PDE model
to drive the FLM to the desired position, suppress its
vibrations, eliminate the effects of the backlash nonlin-
earity and the time-varying disturbance. They further
illustrated that the FLM system was better stable un-
der the controller with output feedback. Cao and Liu
(2017b) designed a boundary controller for a two-link
rigid-flexible manipulator with full state constraints via
Barrier Lyapunov Function.

The combination of input shaping and feedback con-
trol was used to formulate a new control approach
called wave-based control, where the launch wave be-
ing a simple, shaped input, and the absorb part the
feedback contribution (O’Connor, 2008). Yanan et al.
(2017) proposed the wave-based control method to
solve the problem of residual vibration in the point-
to-point movement of a two-link flexible space manip-
ulator. They claimed that the wave-based control has
many advantages, such as not dependent on an accu-
rate physical model, simple and easy to implement, and
strong robustness. Comi et al. (2019) combined the
wave-based control technique to the P/PI scheme (a
cascade joint controller with an inner loop on the mo-
tor velocity and an outer loop on the load position) for
vibration suppression of flexible manipulator and high-
lighted the superior performance of the velocity-based
implementation of the wave-based controller with re-
spect to the position-based one. Bian and Gao (2018)
and Bian et al. (2018) proposed vibration control of
FLMs based on internal resonance.

• Advantages

(a) Using robot dynamic models, better motion
control (faster settling time and better tra-
jectory following) can be achieved.

(b) In some cases (using feed-forward control),
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model-based control eliminates the need for
the feedback sensors (e.g., force sensor),
thereby reducing cost and simplifying system
design.

(c) Robot paths are optimized using dynamic
modeling.

(d) Enhanced robot behavior and drive perfor-
mance are achieved because the paths are
highly optimized by calculating the torque
required to reach different positions using
model-based algorithms.

(e) The mathematical model of the FLMs may
be used for the model-based safety systems,
for example, fast collision detection. Hence,
the use of the model in more than control
applications makes it advantageous from a
product point of view to use model-based
control methods instead of completely model-
free methods.

• Disadvantages

(a) They rely on the accurate model of the FLM
system to be controlled, which is difficult and
challenging to obtain. However, the model of
the FLM system may be needed for design,
identification, and collision detection.

(b) The control input (designed for open-loop
model-based control) does not account for
changes in the system, like varying payload.
However, it could be possible to change pa-
rameters accurately, for example, payload
and load inertia to obtain a seamless motion
after gripping an object. The payload pa-
rameters are known or can be identified by
the robot. This functionality is implemented
in industrial robots for several years.

(c) Open-loop model-based control is not robust
to parameter uncertainties and disturbances.
However, it could be handled by online servos
and model parameter control, which is used
for industrial robots today.

(d) They require the solution of a numerical op-
timization problem, which can be a daunt-
ing task, especially when nonlinear models
are needed that lead to non-convex problems.
However, this problem is less significant if
the calculations can be performed offline (De-
praetere et al., 2014).

3.2 Model-free control techniques

Model-free control is a technique to control complex
systems by using a simplified representation of the sys-

tem and subsequent algebraic estimation techniques to
design a simple, but effective, controller (Sira-Ramı́rez
et al., 2017). The controller does not rely on the
precise mathematical model of the system but solely
based on the measurements obtained from the sys-
tem. Recently, there is a trend of using the combi-
nation of different control techniques to achieve bet-
ter control performances than using individual control
methods. Model-free control techniques (see figure 1)
include, but are not limited to, robust control, adap-
tive control, sliding mode control, intelligent control
methods, composite control (inner/outer loop control,
two-time scale control), PID control, singular pertur-
bations technique, integral resonant control, general-
ized proportional integrator control, fractional order
control, direct strain feedback control, repetitive con-
trol, passivity-based control, positive/negative position
feedback control, end-point acceleration feedback con-
trol, and linear velocity feedback control (Kiang et al.,
2015).

Mohamed et al. (2016) proposed a robust PD con-
troller based on linear matrix inequality for joint po-
sition control of the two-link flexible manipulator un-
der various payload conditions. They claimed that the
proposed control provided better robustness and sys-
tem performance compared to Ziegler-Nichols tuned
PD controller. Cao and Liu (2018a) studied the ac-
tuator fault problem for a two-link rigid-flexible ma-
nipulator system and designed a novel controller that
included a PD feedback structure, a disturbance ob-
server, and a fault-tolerant algorithm for joint position
regulation and vibration suppression in the presence of
disturbance and actuator fault. Abd Latip et al. (2019)
designed an adaptive PID controller for the joint posi-
tion and tracking control of a single-link flexible manip-
ulator, which may automatically online tune the con-
trol gains to accommodate the actuator fault. Boucetta
et al. (2020) compared PD, fuzzy PD, and fractional
order fuzzy PD controllers in terms of trajectory track-
ing, vibration suppression, robustness against distur-
bances, and energy consumption to control the rigid-
flexible two-link manipulator. They highlighted that
the fractional order fuzzy PD controller performed bet-
ter than other controllers. Agrawal et al. (2020) com-
pared a modified optimal PIDD2 (proportional, inte-
gral, derivative, and second-order derivative) controller
with the PID controller for controlling the position and
trajectory of the single-link flexible manipulator with
minimum tip oscillation. They reported the superior
performance of the PIDD2 controller through simula-
tion. Singh and Ohri (2018) presented a comparative
study of different nature-inspired soft computing based
PID control tuning strategies, including genetic algo-
rithm, ant colony optimization, and particle swarm op-
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timization for the position and vibration control of a
single-link flexible manipulator. Pradhan and Subudhi
(2020) proposed a nonlinear self-tuning PID controller
to control the joint position and link deflection of the
FLM subjected to varying payloads.

Fareh et al. (2020) presented robust active distur-
bance rejection control for FLM to solve joint trajecto-
ries tracking control problem and minimize the link’s
vibrations. Xu et al. (2018) proposed a second or-
der non-singular terminal sliding mode optimal control
technique for a two-link flexible manipulator with un-
certain model parameters. Lochan et al. (2016b) and
Lochan and Roy (2018) used the sliding mode con-
trol technique with the PID sliding surface and the
second-order sliding surface respectively, to control a
two-link flexible manipulator. Yang and Tan (2018)
designed a sliding mode control for joint position con-
trol and vibration suppression of a single-link flexi-
ble manipulator by using an adaptive neural approx-
imator to compensate for the modeling uncertainties
and external disturbances. Si et al. (2017) proposed
a fast non-singular terminal sliding mode control for
trajectory tracking of the two-link flexible manipula-
tors with payload and external disturbances. Back-
stepping control based on a continuous-time extended
state observer and a sampled-data extended state ob-
server was proposed by Sahu and Patra (2016) and
Sahu et al. (2019b), respectively, to solve tip track-
ing control problem of two-link flexible manipulator.
Wang et al. (2018) proposed an adaptive fault-tolerant
controller using the backstepping technique for a flex-
ible manipulator with bounded disturbance, actuator
partial failure, and output constraints.

Huan and Xian (2017) presented a backstepping con-
trol method for trajectory tracking of the two-link flex-
ible manipulator based on extended state observer,
which estimates the uncertainties as well as the sys-
tem state vector. Zhao et al. (2019) studied the dis-
turbance observer-based boundary control to achieve
the vibration control, disturbance attenuation, and de-
sired angular positioning of the FLM. Liu and Liu
(2017) proposed boundary control of the FLM with
input disturbances and output constraints using dis-
turbance observer to regulate the angular position and
suppress elastic vibration simultaneously. Liu et al.
(2017) proposed disturbance observer-based boundary
control for trajectory tracking and vibration suppres-
sion of a single-link flexible manipulator with the input
saturation and external input disturbances. They used
smooth hyperbolic function for handling input satura-
tion. Liu et al. (2018) proposed boundary control with
disturbance observers to solve the trajectory tracking
and the vibration suppression control problems of the
FLMs in 3D space. Yang et al. (2018b) proposed in-

finite dimensional disturbance observer-based control
to solve the problems of distributed disturbances and
output constraints while achieving the joint position
regulation and vibration suppression.

He et al. (2017b) studied the problems of input
and output constraints and designed a robust adap-
tive boundary controller with the disturbance observer
for the control of single-link flexible manipulator with
unknown system parameters and time-varying distur-
bances. Cao and Liu (2020) studied joint angle control
and vibration suppression control of a two-link rigid-
flexible manipulator in 3D space under input satura-
tion using the hyperbolic tangent function.

Neural network models can be used to approximate
the underlying dynamics of the FLMs to overcome the
difficulty of obtaining the accurate dynamic formula-
tion of the manipulator(Tian et al., 2002). Gao et al.
(2018) investigated full-state and output feedback neu-
ral network controllers for a two-link flexible manipula-
tor based on a radial basis function neural network to
achieve trajectory tracking and vibration suppression.
They claimed that the proposed adaptive neural net-
work controller had better performance than the PD
controller. Ouyang et al. (2017) proposed a reinforce-
ment learning control to suppress the vibration of a
single-link flexible manipulator by using two radial ba-
sis function neural networks: actor neural network to
design proper control input and critic neural network
to approximate the cost function of the system. Sun
et al. (2016) used adaptive neural networks for control
design using full-state feedback and output feedback
separately to suppress the vibration of single-link flex-
ible manipulator and highlighted better control perfor-
mance than the PD control strategy. However, input
nonlinearities were not considered in the control design.
Sun et al. (2018) investigated fuzzy neural network con-
trol for trajectory tracking and vibration suppression of
single-link flexible manipulator and compared the con-
trol performance of the proposed technique with the
PD control. He et al. (2017a) designed the adaptive
full state feedback neural network controller and the
adaptive output feedback neural network controller to
suppress the vibration of a single-link flexible manipu-
lator with input deadzone. Radial basis function neu-
ral networks are used to approximate the effect of in-
put deadzone and unknown dynamics of the FLM. Qiu
and Zhang (2019) proposed a diagonal recurrent neural
network control technique for the vibration control of
the single-link flexible manipulator using non-contact
vibration measurement based on structure light sen-
sor. They also proposed a trajectory optimization tech-
nique to obtain optimal vibration suppression trajec-
tory using the particle swarm optimization algorithm.
Qiu et al. (2019) presented experimental studies on ac-
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tive vibration control of a two-link flexible manipula-
tor by employing three control algorithms: generalized
minimum variance self-tuning control, Takagi-Sugeno
model-based fuzzy neural network control, and PD con-
trol. Furthermore, they evaluated the effectiveness of
the first two controllers as compared to that of the PD
control in terms of vibration suppression. Zhang et al.
(2019b) designed a weighted multiple neural network
boundary controller for joint position tracking and vi-
bration suppression of a single-link flexible manipu-
lator with uncertain parameters. Njeri et al. (2019)
presented a self-tuning strain feedback gain controller
for high-speed vibration control of a 3D two-link flexi-
ble manipulator using the artificial neural network and
highlighted that the tuned gains achieved better perfor-
mance than that achieved by using fixed gain in terms
of link strain and joint trajectories.

Cao and Liu (2017a) proposed an adaptive boundary
iterative learning control scheme with a PD feedback
structure for the joint trajectory tracking and vibra-
tion suppression of a two-link rigid-flexible manipu-
lator with parametric uncertainties and external dis-
turbances. Liu and Liu (2018) investigated the adap-
tive iterative learning control scheme for joint position
tracking and vibration suppression of a single-link flexi-
ble manipulator in the presence of external disturbance
and output constraints. Dong et al. (2019) proposed it-
erative learning control combined with an open-closed-
loop PD scheme for trajectory tracking of a single-
link flexible manipulator even in the presence of dis-
turbances and uncertainties. In the proposed method,
an angular correction term was introduced to achieve
self-adjustment of the iterative learning control law by
using angular relationships of the system output vec-
tors. Yang et al. (2019) proposed adaptive distributed
iterative learning control by combining a PD feedback
structure and an iterative term for simultaneous trajec-
tory tracking and vibration suppression of a single-link
flexible manipulator subjected to system parameters
uncertainties and spatio-temporal distributed distur-
bances. Chen et al. (2019) presented iterative learning
control for simultaneous trajectory tracking and vibra-
tion suppression of a single-link flexible manipulator
with uncertain parameters and unknown repetitive dis-
turbances. Meng and He (2020) addressed the problem
of the trajectory tracking control of rigid hub and vi-
bration suppression of the flexible link simultaneously
for a single-link flexible manipulator by using iterative
learning control law.

Meng et al. (2018) designed a fast, stable control
technique based on system energy for a planar single-
link flexible manipulator for joint position control and
vibration suppression. Moreover, they proposed an on-
line optimization method based on fuzzy-genetic algo-

rithm to optimize the controller design parameter and
improve the performance of the system. Zhang et al.
(2019a) designed a nonlinear controller based on en-
ergy analysis for joint position control and vibration
suppression control of the single-link flexible manipu-
lator.

Yang et al. (2018a) studied the problems of tip posi-
tion regulation and vibration suppression of FLM us-
ing model-free composite control based on adaptive
dynamic programming. Jia et al. (2017) proposed a
composite control strategy for a flexible space manip-
ulator as a combination of an adaptive sliding mode
controller for the slow subsystem and an adaptive con-
troller for the fast subsystem. Lochan et al. (2019) de-
signed a composite controller using contraction theory,
which consists of two separate controllers designed for
the slow-subsystem and fast subsystem for fast trajec-
tory tracking and quick vibration suppression of a two-
link flexible manipulator. Xu (2017) investigated the
singular perturbation theory based composite learning
control of FLM using neural networks and disturbance
observer. Sliding mode control was used for the fast
dynamics and intelligent control based on neural net-
work, and disturbance observer was used for the slow
dynamics.

• Advantages

(a) An accurate mathematical model of the sys-
tem is not required, which is complex and
difficult to obtain.

(b) Simpler and easier to implement than model-
based approaches.

(c) Adaptive controllers deal with the correct ad-
justment of the control parameters online in
order to incorporate the effect of disturbances
and model uncertainties (Schnelle and Eber-
hard, 2017).

(d) Active disturbance rejection control tech-
nique has an excellent disturbance rejection
capability (Fareh et al., 2020).

• Disadvantages

(a) There is a problem of input delay in the feed-
back loop because the estimations of the sys-
tem states are calculated based on the sensor
reading.

(b) Pure sensor-based approaches will not be
able to act in advance, which is potentially
possible with a model-based approach and
feed-forward control.
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4 Conclusion

This paper presented a survey of different modeling
and control techniques for flexible manipulators. In
recent years, the PDE models have gained increasing
popularity because of the underlying advantages of infi-
nite dimensional models that avoid spillover and model
truncation errors. The review of the recent literature
shows that limited research has been carried out in the
modeling and control of FLMs undergoing large deflec-
tion. Because of the difficulty in obtaining the accurate
dynamic model of the FLMs, model-free control meth-
ods are used more often than the model-based con-
trollers. Moreover, model-free controllers are popular
because of their robustness to parameter uncertainty
and disturbances in FLMs. On the contrary, only a
few model-free methods (for example, PID control and
iterative learning control) are used to control industrial
robots. Other model-free methods may need additional
attention to solve the problem of low dynamic accuracy
and/or unstable control because of the non-collocated
system.

In order to solve the problem of individual con-
trollers, there is a trend of combining two or more con-
trol techniques to achieve better control performance
than using individual control techniques. A recent
boost in computing power and the emergence of ma-
chine learning algorithms has enabled scientists to ap-
ply intelligent control techniques or combine learning-
based control approaches with other methods to con-
trol FLMs. It is visible that a lot of recent con-
trol techniques proposed in the literature are based on
neural networks and other learning-based algorithms.
This literature review on the state-of-the-art modeling
and control techniques of FLMs reveals that most of
the studies are limited to planar single-link and two-
link flexible manipulators. More research studies are
required for the modeling and control of multi-link
flexible manipulators undergoing general 3D motion.
Benchmarking and understanding the merits and lim-
itations of the recent modeling and control methods is
required to use them in the FLM (product) develop-
ment. This is challenging without the development of
suitable benchmark tests.

In spite of the fact that significant advancements
have been made in many aspects of FLMs over the
last few decades, there are many issues yet to be re-
solved, and simple, robust, reliable, and effective con-
trols of FLMs still remain a challenge. Undoubtedly,
further research efforts in this area would contribute
significantly to the development of lightweight flex-
ible manipulators for space research and long reach
manipulators for offshore industries to perform differ-
ent robotic operations safely. The mooring operation
could be executed autonomously by mounting long-

reach arm/s on a floating vessel/ship. Cleaning, repair,
and maintenance operations in offshore wind farms and
sea farms could be carried out autonomously or semi-
autonomously with the reduction of oscillations in the
long-reach arm. Furthermore, the construction indus-
try can utilize the long-reach manipulator for mate-
rial handling and assembly tasks. Application-oriented
studies on FLMs could be one of the possible future di-
rections of research.

Acknowledgments

The work was partially funded by the Research Council
of Norway through the centre SFI Offshore Mechatron-
ics, project 237896.

References

Aarts, R. G. and Jonker, J. B. Dynamic simula-
tion of planar flexible link manipulators using adap-
tive modal integration. Multibody System Dynamics,
2002. 7(1):31–50. doi:10.1023/A:1015271000518.

Abd Latip, S. F., Rashid Husain, A., Mohamed,
Z., and Mohd Basri, M. A. Adaptive PID ac-
tuator fault tolerant control of single-link flexi-
ble manipulator. Transactions of the Institute of
Measurement and Control, 2019. 41(4):1019–1031.
doi:10.1177/0142331218776720.

Abe, A. Trajectory planning for residual vibra-
tion suppression of a two-link rigid-flexible ma-
nipulator considering large deformation. Mecha-
nism and Machine Theory, 2009. 44(9):1627–1639.
doi:10.1016/j.mechmachtheory.2009.01.009.

Agrawal, K., Negi, R., and Singh, N. Dynamically
Tuned PIDD2 Controller for Single-Link Flexible
Manipulator. In Advances in VLSI, Communica-
tion, and Signal Processing. Springer Singapore, Sin-
gapore, pages 907–924, 2020.

Ahmad, M. A., Mohamed, Z., and Hambali, N.
Dynamic modelling of a two-link flexible manip-
ulator system incorporating payload. 2008 3rd
IEEE Conference on Industrial Electronics and
Applications, ICIEA 2008, 2008. pages 96–101.
doi:10.1109/ICIEA.2008.4582487.

Alandoli, E. A., Sulaiman, M., Rashid, M. Z., Shah,
H. N., and Ismail, Z. A review study on flexible link
manipulators. Journal of Telecommunication, Elec-
tronic and Computer Engineering, 2016. 8(2):93–97.

155

http://dx.doi.org/10.1023/A:1015271000518
http://dx.doi.org/10.1177/0142331218776720
http://dx.doi.org/10.1016/j.mechmachtheory.2009.01.009
http://dx.doi.org/10.1109/ICIEA.2008.4582487


Modeling, Identification and Control

Amirouche, F. and Xie, M. An explicit matrix formu-
lation of the dynamical equations for flexible multi-
body systems: A recursive approach. Computers &
Structures, 1993. 46(2):311–321. doi:10.1016/0045-
7949(93)90195-J.

Ata, A. A., Fares, W. F., and Sa’Adeh, M. Y.
Dynamic analysis of a two-link flexible manip-
ulator subject to different sets of conditions.
Procedia Engineering, 2012. 41(Iris):1253–1260.
doi:10.1016/j.proeng.2012.07.308.

Badfar, E. and Abdollahi, R. Trajectory tracking of
rigid-flexible manipulator based on LMI optimiza-
tion approach. EEA - Electrotehnica, Electronica,
Automatica, 2019. 67(2):62–67.

Barbieri, E. and Ozguner, U. Unconstrained and Con-
strained Mode Expansions for a Flexible Slewing
Link. In 1988 American Control Conference. pages
83–88, 1988. doi:10.23919/ACC.1988.4789697.

Bascetta, L., Ferretti, G., and Scaglioni, B. Closed
form Newton-Euler dynamic model of flexible ma-
nipulators. Robotica, 2017. 35(5):1006–1030.
doi:10.1017/S0263574715000934.

Bazaei, A. and Moallem, M. Improving force
control bandwidth of flexible-link arms through
output redefinition. IEEE/ASME Transac-
tions on Mechatronics, 2010. 16(2):380–386.
doi:10.1109/TMECH.2010.2046332.

Benosman, M. and Le Vey, G. Control of flexible ma-
nipulators: A survey. Robotica, 2004. 22(5):533–545.
doi:10.1017/S0263574703005642.

Beres, W., Sasiadek, J. Z., and Vukovich, G. Con-
trol and dynamic analysis of multilink flexible ma-
nipulator. Proceedings - IEEE International Confer-
ence on Robotics and Automation, 1993. 3:478–483.
doi:10.1109/robot.1993.292218.

Bian, Y. and Gao, Z. Nonlinear vibration control for
flexible manipulator using 1: 1 internal resonance
absorber. Journal of Low Frequency Noise Vibra-
tion and Active Control, 2018. 37(4):1053–1066.
doi:10.1177/1461348418765951.

Bian, Y., Gao, Z., Lv, X., and Fan, M. Theo-
retical and experimental study on vibration con-
trol of flexible manipulator based on internal reso-
nance. JVC/Journal of Vibration and Control, 2018.
24(15):3321–3337. doi:10.1177/1077546317704792.

Book, W. J. Modeling, design, and control of flexible
manipulator arms: a tutorial review. In 29th IEEE
Conference on Decision and Control. pages 500–506
vol.2, 1990. doi:10.1109/CDC.1990.203648.

Boucetta, R., Hamdi, S., and Bel Hadj Ali, S. Flexible-
Link Manipulators: Dynamic Analysis and Advanced
Control Strategies, pages 19–46. Springer Singapore,
Singapore, 2020. doi:10.1007/978-981-15-1819-5 2.

Boyer, F. and Glandais, N. Simulation of flex-
ible manipulators with elastic nonlinearities.
In Proceedings 1999 IEEE International Con-
ference on Robotics and Automation (Cat.
No.99CH36288C), volume 1. pages 759–766 vol.1,
1999. doi:10.1109/ROBOT.1999.770066.

Buffinton, K. W. Dynamics of Elastic Manipulators
With Prismatic Joints. Journal of Dynamic Sys-
tems, Measurement, and Control, 1992. 114(1):41–
49. doi:10.1115/1.2896506.

Cambera, J. C. and Feliu-Batlle, V. Input-state feed-
back linearization control of a single-link flexible
robot arm moving under gravity and joint friction.
Robotics and Autonomous Systems, 2017. 88:24–36.
doi:10.1016/j.robot.2016.11.019.

Cambera, J. C. and Feliu-Batlle, V. Feedback
Linearizing Controller for a Single Link Flexible
Arm with a Passive Gravity Compensation Mech-
anism. IEEE International Conference on Intelli-
gent Robots and Systems, 2018. pages 6404–6410.
doi:10.1109/IROS.2018.8594409.

Cao, F. and Liu, J. An adaptive iterative learning
algorithm for boundary control of a coupled ODE-
PDE two-link rigidflexible manipulator. Journal
of the Franklin Institute, 2017a. 354(1):277–297.
doi:10.1016/j.jfranklin.2016.10.013.

Cao, F. and Liu, J. Vibration control for
a rigid-flexible manipulator with full state con-
straints via Barrier Lyapunov Function. Jour-
nal of Sound and Vibration, 2017b. 406:237–252.
doi:10.1016/j.jsv.2017.05.050.

Cao, F. and Liu, J. Adaptive actuator fault com-
pensation control for a rigid-flexible manipula-
tor with ODEs-PDEs model. International Jour-
nal of Systems Science, 2018a. 49(8):1748–1759.
doi:10.1080/00207721.2018.1479002.

Cao, F. and Liu, J. Optimal trajectory control for a
two-link rigid-flexible manipulator with ODE-PDE
model. Optimal Control Applications and Methods,
2018b. 39(4):1515–1529. doi:10.1002/oca.2423.

Cao, F. and Liu, J. Boundary vibration con-
trol for a two-link rigidflexible manipulator
with quantized input. JVC/Journal of Vibra-
tion and Control, 2019. 25(23-24):2935–2945.
doi:10.1177/1077546319873507.

156

http://dx.doi.org/10.1016/0045-7949(93)90195-J
http://dx.doi.org/10.1016/0045-7949(93)90195-J
http://dx.doi.org/10.1016/j.proeng.2012.07.308
http://dx.doi.org/10.23919/ACC.1988.4789697
http://dx.doi.org/10.1017/S0263574715000934
http://dx.doi.org/10.1109/TMECH.2010.2046332
http://dx.doi.org/10.1017/S0263574703005642
http://dx.doi.org/10.1109/robot.1993.292218
http://dx.doi.org/10.1177/1461348418765951
http://dx.doi.org/10.1177/1077546317704792
http://dx.doi.org/10.1109/CDC.1990.203648
http://dx.doi.org/10.1007/978-981-15-1819-5_2
http://dx.doi.org/10.1109/ROBOT.1999.770066
http://dx.doi.org/10.1115/1.2896506
http://dx.doi.org/10.1016/j.robot.2016.11.019
http://dx.doi.org/10.1109/IROS.2018.8594409
http://dx.doi.org/10.1016/j.jfranklin.2016.10.013
http://dx.doi.org/10.1016/j.jsv.2017.05.050
http://dx.doi.org/10.1080/00207721.2018.1479002
http://dx.doi.org/10.1002/oca.2423
http://dx.doi.org/10.1177/1077546319873507


Subedi et.al., “Review on Modeling and Control of Flexible Link Manipulators”

Cao, F. and Liu, J. Three-dimensional modeling and
input saturation control for a two-link flexible ma-
nipulator based on infinite dimensional model. Jour-
nal of the Franklin Institute, 2020. 357(2):1026–1042.
doi:10.1016/j.jfranklin.2019.10.018.

Celentano, L. Modeling of Flexible Robots with Vary-
ing Cross Section and Large Link Deformations.
Journal of Dynamic Systems, Measurement and
Control, Transactions of the ASME, 2016. 138(2):1–
12. doi:10.1115/1.4032133.

Celentano, L. and Coppola, A. A computationally
efficient method for modeling flexible robots based
on the assumed modes method. Applied Mathe-
matics and Computation, 2011. 218(8):4483–4493.
doi:10.1016/j.amc.2011.10.029.

Chen, T., Li, M., and Shan, J. Iterative learning con-
trol of a flexible manipulator considering uncertain
parameters and unknown repetitive disturbance. In
2019 American Control Conference (ACC). pages
2209–2214, 2019. doi:10.23919/ACC.2019.8815014.

Comi, F., Miguel, A. O., Cavenago, F., Ferretti, G.,
Magnani, G., and Rusconi, A. Modelling, vali-
dation and control of DELIAN flexible manipula-
tor. IFAC-PapersOnLine, 2019. 52(15):364–369.
doi:10.1016/j.ifacol.2019.11.702.

De Luca, A. and Book, W. J. Robots with Flexible El-
ements, pages 243–282. Springer International Pub-
lishing, Cham, 2016. doi:10.1007/978-3-319-32552-
1 11.

Depraetere, B., Liu, M., Pinte, G., Grondman, I., and
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