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Abstract

This paper presents the explicit dynamic equations of multibody mechanical systems. This is the second
paper on this topic. In the first paper the dynamics of a single rigid body from the Boltzmann-Hamel
equations were derived. In this paper these results are extended to also include multibody systems. We
show that when quasi-velocities are used, the part of the dynamic equations that appear from the partial
derivatives of the system kinematics are identical to the single rigid body case, but in addition we get
terms that come from the partial derivatives of the inertia matrix, which are not present in the single
rigid body case. We present for the first time the complete and correct derivation of multibody systems
based on the Boltzmann—Hamel formulation of the dynamics in Lagrangian form where local position and
velocity variables are used in the derivation to obtain the singularity-free dynamic equations. The final

equations are written in global variables for both position and velocity.
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1 Introduction

Multibody dynamics is a research field with many and
diverse applications. The most common example of a
multibody dynamical system is a robotic manipulator
which consists of several links connected through joints
and an admissible set of motions associated with each
joint. The geometry of the links and the admissible
motions of the joints characterize the motion of the
robotic end effector. In this paper the dynamic equa-
tions of multibody systems based on a Lie theoretical
approach will be derived and the main differences be-
tween multibody systems and single rigid bodies are
pointed out.

Multibody systems are quite different from single
rigid bodies. First of all the kinematics is more involved
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as the positions of the joints appear in the mapping
from the joint velocities to the velocities of the links
and end-effector. Kinematically the link positions and
velocities are therefore coupled. This is different from
single rigid bodies where the velocity space is not con-
figuration dependent. It is important to note, however,
that the joint positions and velocities are not coupled,
i.e., the joint velocities are independent of the posi-
tions of the joint. Furthermore, on a kinematic level
the joint velocity is also independent of all of all the
other joint positions and velocities in the mechanism.
This is always the case when using generalized coor-
dinates or other similar sets of variables. We will use
this property frequently when deriving the multibody
dynamics.

Another difference—and an important one in dy-
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namic modeling—is the configuration-dependent iner-
tia matrix. In other words, the kinetic energy does not
only depend on the velocity state of the system, but
also the positions of the bodies relative to each other.
A direct results of this is that the partial derivatives of
the inertia matrix with respect to the joint variables do
not disappear from the dynamics, which they did for
single rigid body dynamics. In multibody dynamics
several terms that do not arise in single body dynam-
ics therefore appear in the dynamic equations.

Lie groups have been applied to represent the con-
figuration space of mechanical systems by several re-
searchers, for example Selig (2000); Park et al. (1995);
Bullo and Lewis (2000); Arnold (1989); Bullo and Mur-
ray (1999); Murray et al. (1994). However, most formu-
lations focus on single rigid bodies, and the extension
to multibody systems is often dealt with using an ab-
stract formulation of the dynamics without explicitly
referring to what the specific equations look like, which
is not always a straight forward derivation. In this pa-
per we derive the dynamics of multibody systems with
Lie group topologies, which needs to be treated some-
what differently from the single rigid body formula-
tions.

This the the second paper on this topic. The first
paper From (2012) derived the dynamic equations for
single rigid bodies using the Boltzman-Hamel equa-
tions. In this paper this work is extended to multibody
systems. The formulation is based on From (2012)
where the single rigid body dynamics was derived and
the explicit equations for several different configura-
tion spaces were shown. In this paper we will show
that when the dynamics is derived in terms of quasi-
velocities in this way we can simply pick the appropri-
ate transformation from the dynamics of single rigid
bodies that we found in From (2012) and stack these
into one big block-diagonal matrix to obtain the multi-
body dynamics. The dynamic coupling will then arise
naturally from the derivation.

In this paper we derive for the first time the cor-
rect explicit equations of multibody systems using the
approach first presented in Duindam and Stramigi-
oli (2007), and also used in Duindam and Stramigioli
(2008), From et al. (2010a), From et al. (2010b), and
From et al. (2011). In the next section we will see
how to derive the dynamics of multibody systems and
we point out the main differences from the single rigid
body case. We will also show what the equations look
like explicitly.

2 Multibody Dynamics

In this section the dynamics of multibody mechanical
systems in terms of a general configuration vector x
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and velocity vector v are derived. Serial chains of rigid
bodies only, for example robotic manipulators, are con-
sidered. We will see that the approach follows more or
less the same reasoning as From (2012) but we also
need to take into account the configuration-dependent
inertia matrix and the kinematic and dynamic coupling
between the rigid bodies in the system. We will there-
fore point out where these multibody terms arise in the
equations.

We will write v = [v] v ... v,TL]T € RY for
. T
velocity and = = [z x5 ... z}] € RY for po-

sition. In this case we thus have n rigid bodies, or
links, and N is the total dimension of the system, i.e.,
N = 3"  dimwv;. The kinetic energy of each link is
given by

Ki (%?)Tfi%]f

T
(V()f) Ad;'rw I Adgib VO?

N = DN =

(1)

where V§ is the velocity of link 7 in the spatial frame
and Ad, is the adjoint transformation that transforms
the spatial velocity to the body frame, denoted V5.
For a robotic manipulator with Euclidean joints we get
the standard formulation of the kinetic energy of each
link given by

1
’Ci =5 (Jz(x)x)T Ad;—ib Ii Adgib JZ(J?)J?

i Ji(z) T Ad], I; Ady,, Ji(z)d

= —v' M;(z)v

; 2

and thus

M;(z) = JT Ad], I; Ad,,, J; € RNV (3)
for each link. J;(z)z gives the velocity of link 4 in the
spatial frame, denoted V3, and J;(x) is the geometric
Jacobian of link 1.

The total kinetic energy of the multibody system is
given by the sum of the kinetic energies of the mecha-
nism links, that is,

K(z,v) = %vT (Z Ml(x)> v
=1

M (x)
LT
=—v M(x)v

: @

with M (z) the inertia matrix of the total system. We
note that the inertia matrix depends on the configura-
tion z of the multibody system, which is different from
the single rigid body case presented in From (2012).
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The mapping between the time derivative of the po-
sition variable  and the velocity variable v is given by
S(z) as (From, 2012)

v=8(x)i. (5)
This is the velocity transformation matrix, and is
therefore singularity prone whenever the Euler angles
appear in the transformation. For transformations
with a Lie group topology we can also write the state
space in terms of local variables, in which case the
transformation is given by

v=5(p)¢ (6)

1 1 X
(I—Qad¢+6adi—...>eR x (7)

(8)

is the adjoint matrix defining the Lie bracket. We refer
to Duindam and Stramigioli (2008) and From (2012)
for more detail on local velocity and position variables.

~b  ~b
w v,

ady — | @ob Yob

v [ 0 &g,

2.1 Quasi-velocities

In this section we will use the relation in (5) to elim-
inate ¢ from the equations. The Lagrangian of the
vehicle-manipulator system written in terms of this
general configuration space is given by
LT

L(z,v) = 2V M (z)v — U(z). (9)
We will find the partial derivatives of the Lagrangian
following the same train of thought as in From (2012),
but applied to multibody systems. The derivatives of

the Lagrangian in (9) for a configuration-dependent
matrix M (x) are found with respect to v and z as

% = M(x)v, (10)
% <gﬁ’> = M(x)i;JrM(:r)v, (11)

L  19™M(x)v  OU(x)

w3 U (12

We note that this is different from the single rigid body
case presented in From (2012).

Using the relation v = S(x)i we write the La-
grangian as a function of generalized coordinates and
velocities as

L(z,2) =

%ﬂﬁufM@w@m—U®> (13)

The dynamics is then found by Lagrange’s equations

as _

d /0L

i (%)
for some B(z). To find the explicit equations we need
the time derivatives of the Lagrangian L which are dif-
ferent from the single rigid body. We find the partial
derivatives as

oL .
% ST(x)M(z)S(x)i

(14)

(15)

_ oL N o7 (S(x)) oL
T Oz Ox v’

This is an important result that we will use frequently
SO we write it as a proposition:

(17)

Proposition 2.1. The partial derivative of a La-

grangian in the form

L(z, &) = %iTS(x)TM(x)S(x)dc —U(z). (18)
can be expressed in terms of the Lagrangian
L@JﬂzéﬂWﬂ@v—M@) (19)
as
d (0L _ aT, A OL 7, .d (0L
oL oL o7 (S(x)x) OL
o ox T or ov )
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Proof. The proof follows directly from Equations (15)-
(17). O

We can thus conclude with the following proposition:

Proposition 2.2. The partial derivatives of the La-
grangian L(x,2) in (13) for multibody systems can be
written in terms of the Lagrangian L(x,v) in (9) in the
same way as for single rigid bodies.

Proof. We see this by comparing the expressions in (20-
21) with the corresponding expressions in From (2012),
which are identical. O

This is a very strong result because it tells us that the
dynamic equations of multibody systems have the same
overall structure and form as for single rigid bodies.

The Euler—Lagrange equations are found by the par-
tial derivatives of the Lagrangian L(x,) as

d (/oL OL
(=Y _ZZ_ B
t (89&) oz~ B@T
d (0L . oL
T\ 9d (oL T N9
oL 9"(S(x)i) OL
-—— - ————=2B .
ox ox v ()7
(22)
The torques 7 = [rf 75 - TJ]T are defined in
the usual way so that they are collocated with v =
[vlT vy U,TL]T € RN, To find the corresponding

external forces that are collocated with & we write
W=0v'r=(S@)i)"r=2"S"(x)r (23)

and we have B(z) = ST(x) as expected. S(z) will be

of the form
ST o0 ... 0
0 S3 ... 0
Sxy=1|. . . (24)
0 0 ST

n

for the general case with non-Euclidean transforma-
tions, and simply given by the identity matrix S(z) =T
for Euclidean transformations. We note that we can
simply stack the transformations of each joint in a
block diagonal matrix representing the whole system.
The reason that the velocity transformation matrix be-
comes block diagonal in this way is that the velocity
transformation between two consecutive rigid bodies in
a serial chain is kinematically independent of the posi-
tions and velocities of the other transformations. The
best example of this is a serial robotic manipulator.
For a robotic manipulator the matrices S; define coor-
dinate transformations of the velocity variables of each
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joint in the chain, and should not be confused with the
velocities of the links represented by the Jacobian J;
which would not result in a block-diagonal matrix in
this form, but rather a lower triangular matrix.

We finally pre-multiply (22) with S~T(z) to get the
required dynamic equations. The dynamic equations
of a multibody system is then given by

oL T )8L

o ox
+ 57 T(x) (ST(1‘> -
(25)

If we substitute the expressions in (10-12) into (25),
the dynamics becomes

1, ¢, O"M(z)v

M ()0 + M(x)v — 55 (m)Tv

Multibody terms

(Z 7k0k> 2+ S (x )(%(;;m)

where we recognize

(Z w;e> =57"(x) (ST<x) -

k

(26)

=T

T (S())
a) (27)

from From (2012). Note the terms that arise due
to the configuration-dependent inertia matrix M (z)
which were not present for single rigid bodies with a
constant inertia matrix.

We would like to write the equations in terms of z
and v = S(x)z, but not with & explicitly present in the
equations. We can follow the same train of thought
as we did for single rigid body systems, but we notice
that two new terms arise in (26). These are terms that
arise due to the dynamic coupling between the rigid
bodies in the system. From the derivation of v, we
see, however, that this will not change the expression
in (27) in any way, and we can use the expression for
v that we found in From (2012) also for multibody
systems. Thus, the terms with the partial derivatives
of the velocity transformation matrix S(z) are identical
to the single rigid body case.

It now only remains to look at the part of the Cori-
olis matrix that arises as a result of a configuration-
dependent inertia matrix. If we use that #; =
> Siitvk we first note that M(x) can be written as

OM,;;(x
=2 a;l

_ Z aMw o
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.
Further, we write the matrices S~ () and 2252V 4

ox
ro—1 —1 -
12 22
S~ (x) = (29)
B S
‘a(gdv) B(é\/fv)g . 8(](;41))
T 1 Z1
B(M'U) O(Mw) (M)
GTM(x)v _ Oz Tj Oxa = (30)
or : : :
6(MU)1 B(M’U)z B(Mv)N
L Ozn oz N oz N
which gives S_T(x)% as
—10(Mwv), —190(Mv)N
Zl S ! aié)zl; Zl S ! o Ja 811)
_1 Mo —1
Zz Sl2 dx; : Zl Sl2 T (31)
' O(Mv -1 9(Mv
> (1\})2 gi,)l > Sl(ll\/) (]gu)N
and we obtain the required expression as
0" M (x)v _10(Mv);
ST (z)——4 = St
( (37) O )ij Z li oz,
_ 3Mk
= Z St &CJ (32)

We have found the dynamics of multibody systems
without & explicit in the equations and we can conclude
with the following important result:

Theorem 2.1. The dynamic equations of a multi-
body system with generalized coordinates x and quasi-
velocity coordinates v = S(x)d can be written as

M(z)0+ C(x,v)v+ N(z) =71 (33)
where the inertia matrix is given by
M;(q) = J] Ad,, I; Ady,, J; € R(W*(), (34)
the Coriolis matriz is given by
v) =Y ovp + Y Brvk, (35)
k k
where
aM,;J 1 1 -1 ank
(i) = X (Tt - 45 50 (o0

and the potential forces are given by

U (x)
N(z) = Fra

Proof. We first multiply (27) with the inertia matrix:

(),

-3 (Sn)

— a‘SVS aSS’ITL -

— ; ;;Slil <8$77i - )Smivk
_ 6Ssl

-3 5 (st (g -

k l,m,s

ST

(38)

M

0Sum\ . ‘
( M.
(9361 > Smk>7ls 30k

(39)

where we have used the expression for 7, that we found
in From (2012), given by

=St (G-

which we have already seen is the same for multibody
systems. We rewrite (26) by substituting the multi-
body terms found in (28) and (32) and the kinematic
terms in (39) into the dynamic equations in (26) and
the expressions in (41) arise (see next page), which de-
fines the matrices in the theorem. O

0Sim
oq

)S L (40)

Wk ’Lj

2.2 Exponential Coordinates

In this section we will derive the dynamics of multibody
systems in terms of the well-defined state variables Q;
for position and v; for velocity. The velocity state is
first written in terms of exponential coordinates ¢ and
we take the partial derivative with respect to the local
coordinates, evaluate at ¢ = 0 and the current configu-
ration is found by the exponential map as Q = ®(Q, ¢)
(From, 2012).

The definition of the state variables adopted in this
section is more general than in the previous sections be-
cause we do not force the state variables into a vector
form. For position we write the state space in terms of
the global configuration states Q@ = {Q1,Q2,...,Qn}
where @); denotes the configuration of rigid body ¢ i.e.,
a matrix representation of SE(3) or one of its sub-
groups. For 1-DoF Euclidean links we can stack the
joint positions in a vector ¢ in the normal way, i.e.,
Qi=4q €R.

We can also write the velocity part of the state space
as v = {vy,v,...,v,} where v; is the velocity variable
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of rigid body i. For the velocity state we can choose the
time derivative of the joint positions ¢ as the velocity
variable if the transformations are Euclidean, or else
we will choose the velocity twist.

The Lagrangian is given in terms of the velocity vari-
able v and the configuration-dependent inertia matrix

M(Q) as

L(@Q.v) = 0" M(Q)v - U(Q).

In the previous section we found the dynamics of a
general multibody system with state variables z and v.
We also eliminated the time derivative of the position
variable & from the equations. We did this by introduc-
ing the velocity transformation matrix S(x). However,
these kinds of transformations are not well-defined if
we use the Euler angles to describe the orientation of
one or more of the transformations described by z. In
this section we use local state variables to eliminate
these singularities.

We will now wuse local coordinates to find a
singularity-free formulation of the dynamics. Locally
the position variables can be written in terms of the ex-
ponential map as ®(Q, ¢) where ¢ is the local position
variables in the vicinity of Q.

We can re-write the Lagrangian using the new vari-
ables ¢ and v as

(42)

ST M(R(Q, )0~ U(R(Q, ).

The partial derivatives of the Lagrangian then become

Lip,v) = (43)

(%) M(®(Q, )0+ M(®(Q,p))v  (44)
OL _ 19T (M(@Q.9)v), MUle) 0

which follows from Equations (10-12).
We consider ¢ and ¢ as variables and would like to
differentiate with respect to these, so we need the par-

in terms of the local coordinates ¢ and ¢. Ly (¢, )
can be written as

1.
:ngST(Q,s@)M

—U(®(Q, ¢))-

(@(Q,9)S(Q,p)p
(46)

i@(‘ﬂ? (,0)

From Proposition 2.1 we find the partial derivatives
with respect to ¢ and ¢ as

0L, T oL d (0L
G (%) -@nssens ()
(47)
_ - )
0L, 0L OT(SQeOL o
O Oy dp v
Substituting this into Lagrange’s equations
d (9L, oL,
G (52)-5z-p0r

gives us the equations of motion in terms of local posi-
tion and velocity variables ¢ and . To obtain the dy-
namics we first use the relation v = S(Q, )¢ to elimi-
nate the local velocity variables. We then eliminate the
local position variables ¢ by representing the position

®(Q, p) which, after differentiating and evaluating
at ¢ = 0, takes us back to @ through the relation
Q = ®(Q,0) (From, 2012). We then treat Q) as a pa-
rameter during the derivation, but get the final equa-
tions in terms of the desired variables @) and v which
gives us the following important result:

Theorem 2.2. Consider a general multibody system
with local position and wvelocity coordinates ¢ and ¢
and global position and velocity coordinates @Q and v.
Write the kinetic energy as K(v) = 20T M(Q)v with
the inertia matriz M(Q). The dynamics of this system

then satisfies

tial derivatives of the Lagrangian L (¢, ¢) expressed M(Q)o + C(Q,v)v + N(Q) = (50)
. 1. 1 8TM OU(x)
M(z)0+ M(x)v — 5.5' () —F——— <Z 'ykvk> z)v+ ST (z) o T
M, 1 _ 8M 0Ss 0Ssm, _ _tou
o+ T Blsitn -} S st Bk T X s ( o~ ) Sk | M+ 5T =
Kl 1,m,s m is
_ OM;; ., 1 _10Mjy, 0S5 0Ssm ou
Mo+ Z 83:[] lkl - 5 lz1 . Uk + Z Z Sh <8$ - 67)1 ) Smi Msjvk +57 T ax =T
k.l k.l I,m,s m is
(41)
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where M is found in the normal way, with T the vector
of external and control wrenches (collocated with v),
the matriz describing the Coriolis and centrifugal forces

given by
OM,; 1 ., 10Mj
Cij (=, U):Z( ]Skl_*Slil ’ ) Uk
n ols)) 2 vy 0=0
aSgl ang —1
P G et R
lm,k,s awl =0
(51)
and the potential forces are given by
_1O0U(p)
NQ) =ST 52
(@) Do |y (52)

To compute the matriz C(Q,v) for a single rigid body
with configuration space SE(3) or one of its subgroups,
we can use (8) to simplify C(Q,v) slightly to

OM;;  10My
Cij(z,v) = ( e > Uk
zk: Opr 2 0¢i /),
9Ssi assk) )
+ — My, | vg.
kZ; (<84Pk 0pi 1)

(53)

Proof. Recall that the velocity transformation matrix
can be written as
1 1 2 mxXm
I—§adw+gad¢_ . ER (54)
where ady is the adjoint map for a general Lie algebra
X of dimension m. Because the expressions are to be
evaluated at ¢ = 0 this expression is non-zero only for

the diagonal elements of S;;, i.e., ¢ = j. We will start
by writing the first part of the Coriolis matrix in (35)

(ewm)

17 =0
o 8M” 1 1 8MJk
k.l o0
(aMij B 3Mjk)
= Z See — 55 Vk-
— \ O 2 0pi oo
aMij 1 8Mjk
= - = . 55
2 ( Do 2 0 ) " (55)
k =0

The second part of the Coriolis matrix in (35) can

Uk,

be written as

(o).

z(z%%> i,

=0 e

»=0

8SSl 3ng> —1
- Z Z l’L ( - Smkkasj
s Im,k a(pl =0
aS aS
,1 D) sk -1
= — — | S, My, V-
ZZ (3S0k Op; > Mk ! =0 g
= ZZ (aSSZ — aSSk) Msj V- (56)
i, o=0

If we add the o and 8 terms in (35) we get the re-
quired expression for the Coriolis matrix of a general
multibody mechanism as

_ OMij 1 11 OMjx
C”('U) - ;( a@l Slk - 9 li 8§Dl Vg

+ Z Slz <8S§l -

k,l,m,s

ang —1
: M, .
5901 ) Smk J Uk

The final expressions are then given by (58-59). [

We recognize the expressions in (55) as the Christof-
fel symbols. However, it is important to note that the
formulation in (55) is more general than the standard
formulation of the Christoffel symbols. The Christoffel
symbols require the state space in generalized coor-
dinates and corresponding generalized velocities (i.e.,
in vector form). The formulation in (55) is therefore
more general because the dynamics can be derived in
terms of the local coordinates and then substituted into
global variables in a more general form. We there-
fore avoid many of the artifacts that normally arise in
multibody dynamics when forcing the state space into
a vector form in this way.

We can further reduce the number of summation in-
dexes by one by following the mathematics in From
(2012) and keeping in mind that the inertia matrix is
not constant, which gives

%@—Z(wyvawﬂ "
k =0
DS askj)
+ — Muv 60
%(fm ae: )M
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aMij -1 1 -1 ank -1 08 0Ssk; 1
Cij(v) = <&pk5kk — 5% s ka + ;Su- 9or oo ) ke Msil Uk
o= .8

k

B 8M” 1 ank assz i sk )
_%:(5’% 28%’)‘ k+z( z‘>MS] o
Qp:

3 Conclusion

In this paper we presented the singularity-free dynamic
equations of a multibody system. The dynamics were
derived from the Boltzmann-Hamel equations in local
position and velocity coordinates to avoid singularities
in the representation. Then, the global state variables
were obtained from the differential properties of the
Lie algebras. We have presented, for the first time the
complete and correct derivation of the multibody dy-
namic equations in this form. We have also shown that
the dynamics of a multibody system can be obtained
by stacking the transformations of single rigid bodies
in the appropriate way and that the dynamic coupling
arises naturally through the derivation.
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