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Abstract

In this work we address the optimizing control allocation problem for an over-actuated nonlinear time-
varying system with actuator dynamic where parameters affine in the actuator and effector model may be
assumed unknown. Instead of optimizing the control allocation at each time instant, a dynamic approach is
considered by constructing actuator reference update-laws that represent an asymptotically optimal alloca-
tion search. By using Lyapunov analysis for cascaded set-stable systems, uniform global/local asymptotic
stability is guaranteed for the optimal equilibrium sets described by the system, the control allocation
update-law and the adaptive update-law, if some persistence of exitation condition holds. Simulations of
a scaled-model ship, manoeuvred at low-speed, demonstrate the performance of the proposed allocation

scheme.*
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1 Introduction

Consider the high-level system dynamics

&= f(t,x) +g(t,x)T (1)

the effector model
T =0(t,x,u,0)

D(tx,u,d):=Do(t,x,u)+Po, (t,2,u)02+Pg, {t,x,u)b0:
3)

(2)

and the actuator dynamics

(4)

where t > 0, x € R", u € R", 7 € R, 6§ := (0T, 65)7,
0, € R™, 0y € R™, uemg € R The constant pa-
rameter vectors 5 and 6 contains parameters of the

U= qu(tv €, U, ucmd) + qu(t7 €, U, ucmd)gl

*(©[2007] IEEE. Reprinted, with permission, from Johannes
Tjgnnas and Tor Arne Johansen, ” Optimizing Adaptive Con-
trol Allocation With Actuator Dynamics”, Proceedings of
46th TEEE Conference on Decision and Control, New Or-
leans, USA, December 2007.

ISSN 1890-1328 doi:10.4173 /mic.2008.2.4

actuator and effector model, that will be viewed as un-
certain parameters to be adapted. It is assumed that
z and u are measured while 7 is unknown, and ey, q is
the input.

This work is motivated by the over-actuated control
allocation problem d < r, where the problem is de-
scribed by a nonlinear system, divided into a dynamic
high-level part (1), a dynamic low-level part (4) and
a static part (2). Consider the static optimal control
allocation problem:

Te — ®(t, &, uqg + @, 0)=0,

minJ (¢, x,uq) S.t.

i 5)
. o NT

where 0 := (HlT, 95) is the parameter estimates, @ :=
u — ug and ug is the actuator reference. The main
contribution in this paper is an adaptive allocation al-
gorithm that generates a desired reference ugy for the
low-level control based on a high level control law 7,
where (5) not necessarily needs to be solved exactly at
each time instant.

Optimizing control allocation solutions have been
derived for certain classes of over-actuated systems,

(© 2008 Norwegian Society of Automatic Control



Modeling, Identification and Control

such as aircraft, automotive vehicles and marine ves-
sels, (Enns, 1998; Buffington et al., 1998; Sgrdalen,
1997; Bodson, 2002; Harkegard, 2002; Luo et al., 2004,
2005; Poonamallee et al., 2005; Johansen et al., 2004)
and (Johansen et al., 2005). The control allocation
problem is, in (Enns, 1998; Buffington et al., 1998;
Serdalen, 1997; Johansen et al., 2005; Bodson, 2002)
and (Harkegard, 2002), viewed as a static or quasi-
dynamic problem considering non-adaptive linear ef-
fector models of the form 7 = Gu, neglecting the effect
of actuator dynamics. In (Luo et al., 2004) and (Luo
et al., 2005) a dynamic model predictive approach is
considered to solve the allocation problem with linear
time-varying dynamics in the actuator model, T0+u =
Uemd- In (Poonamallee et al., 2005) and (Johansen
et al., 2004) sequential quadratic programming tech-
niques are used to cope with nonlinearities in the con-
trol allocation problem due to singularity avoidance.
The main advantage of the control allocation approach
is in general the modularity and the ability to han-
dle redundancy and constraints. In the present work
we consider dynamic solutions based on the ideas pre-
sented in (Johansen, 2004) and (Tjgnnas and Johansen,
2005). In (Johansen, 2004) it was shown that it is not
necessary to solve the optimization problem (5) exactly
at each time instant. Further a control Lyapunov func-
tion was used to derive an exponentially convergent
update-law for u (related to a gradient or Newton-like
optimization) such that the control allocation problem
(5) could be solved dynamically. It was also shown that
convergence and asymptotic optimality of the system,
composed by the dynamic control allocation and a uni-
form globally exponentially stable trajectory-tracking
controller 7., guarantees uniform boundedness and uni-
form global exponential convergence to the optimal
solution of the system. The advantage of this ap-
proach is computational efficiency and simplicity of im-
plementation, since the optimizing control allocation
algorithm is implemented as a dynamic nonlinear con-
troller. Solving (5) online at each sampling instant
requires a computationally more expensive numerical
solution of a nonlinear program in order to guarantee
optimality. In (Tjgnnas and Johansen, 2005) the re-
sults were extended by allowing uncertain parameters,
associated with an adaptive law, in the effector model,
and by applying set-stability analysis in order to also
conclude asymptotic stability of the optimal solution.
The results in (Tjgnnas and Johansen, 2005) are ex-
tended in (Tjgnnas and Johansen, 2007) by considering
actuator dynamic and relaxing some conditions using
the theory in (Tjgnnas et al., 2006). In the present
paper we extend the result in (Tjgnnas and Johansen,
2007) by a slightly different parameterization of (2) and

(3).
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Whenever referring to the notion of set-stability, the
set has the property of being nonempty, and we strictly
follow the definitions given in (Tjennas et al., 2006)
motivated by (Teel et al., 2002) and (Lin et al., 1996).

2 Adaptive control allocation with
actuator dynamics

The task of the dynamic control allocation algorithm
is to connect the high and low level controls by taking
the desired virtual control 7. as an input and com-
puting the desired actuator reference ug as an output.
Based on the minimization problem (5) where J is a
cost function that incorporates objectives such as mini-
mum power consumption and actuator constraints (im-
plemented as barrier functions), the Lagrangian func-
tion

It, zug,000) = Jt, z,uq)+(Te—P(t, 2 ug+1.0) ™\ (6)

can be introduced. The idea is then to define update
laws for the actuator reference uy and the Lagrangian
parameter \, based on a Lyapunov approach, such that
ug and A converges to a set defined by the first order
optimal condition for L.

Since the parameter vector 6 from the effector and
actuator models are unknown, an adaptive update law
for 6 is defined. The parameter estimates are used
in the Lagrangian function (6) and a certainty equiva-
lent adaptive optimal control allocation can be defined.
The following observers are used in order to produce
estimates of the parameters:

ﬁ =A; (U - r&) + qu(t7 Z,u, ucmd) + fue (t, Z,u, ucmd)ol
& =Az(x — &)+ f(t,x) + g(t,x)P(¢, z, u,é).

where (—A;) and (—A;) are Hurwitz matrices.

In the following, if stating that a function F is uni-
formly bounded by y, this means that there exist a
function G : R>g — Rx¢ such that |F(t,y,2)| <
Gy (Jy|) for all y, z and t.

Assumpiton 1 (Plant)

a) The states from (1) and (4) are known for all t.

b) The function f is uniformly locally Lipschitz in x
and uniformly bounded by x. The function g is
uniformly bounded and it’s partial derivatives are
bounded by x.

c) The function ® is twice differentiable and uniformly
bounded by x and u. Moreover it’s partial deriva-
tives are uniformly bounded by x.



d) There exists constants g3 > 01 > 0, such that Vt, x,
u and 6

o o r
< -
QlI_ au (tv x,u, 0)( au (t7 x,u, 0))

<ool. (7)

Assumpiton 2 (High and Low level Controller Algo-
rithms)

a) There exists a high level control 7. := k(t,x), that
render the equilibrium of (1) UGAS for 7 = 7.
The function k is uniformly bounded by x and dif-
ferentiable. It’s partial derivatives are uniformly
bounded by x.

b) There exists a low-level control
Uemd = ku(t, T, u, ug, iq, 61) that makes the equi-

librium of
/{l = ffb(t7$7ﬂ'aud7él791>

(®)

UGAS z'fél =0, and x, ug, Uy exist for allt > 0,
where

fﬂ(t,:v,ﬁ7ud,é1,91) =
+ fuo(tsz,u, ko (t, 2w, ug, da(t), 61))
+ fuo(t, @, u, by (t, 2, u, ug, q(t), 61))0;
— Ky (t, @, u, ug, tg(t), 01).
Remark 1 From assumption 2a) there exist a Lya-

punov function Vy : R>g X R™ — Rx and K func-
tions az1, Qzo, zz and gy such that

a1 (Jz]) < Vi(t 2) < aga(lz])

(9)
(10)

oV, IV,
_|_

o+ o (F(:2) + g(t k(7)) Zasa(ja])

’ oV,

< aga(|z]). (11)

We will not discuss the details in these assumptions,
but they are sufficient in order to guarantee existence of
solutions and validity of the update-laws that we pro-
pose in this paper, see (Tjgnnas and Johansen, 2005).
The main problem formulation is given by:

Problem: Define update-laws (14)-(16) for ug, A
and 6, such that the stability of the closed loop:

+g(t,z) (P(t, x,u,0) — k(t,)) (12)

@ = falt,w,@,u4,61,61) (13)
Ug = fd(t,x,ﬂ,ud,é) (14)
A= falt,z, @, ug, 6) (15)
é:: _fé(t7xaﬂ7ud7é) ( )
ﬁu = *Aﬂnu + qu(ta T, Ud, 717 é)él ( )
Ny = —Azn, —|—(I>92(t,x,u)ég + Py, (t,x,u)él (18)

where fue(t7 Z,Ud, a7 é) = fue(t7 Z,Uu, ku(tv T, U, Uq,
falt,z, 0, uq,0),01)),0 =0—0,n, :=u—10,n, :=x—2,
is conserved and u4(t) converges to an optimal solution
with respect to the minimization problem (5).

Parameter
Estimator
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Figure 1: The closed loop diagram of the certainty
equivalent control allocation algorithm

Let (12) define the sub-system 3; and (13)-(18) de-
fine the sub-system X5, then 31 and 5 form a cascade
as long as x(t) exists for all ¢ > 0, and is viewed as a
time-varying input to Y. For the system Yo we will
consider stability with respect to the set

n g
Oud)\é(t’ :U):: {Zud)\é‘ER ug Ao

f(/)uAg (tv €T, Zud)\é) :0}

(19)
where n, \5:=3r+d+n+m,

AT
Zud)\é = (ugu )‘T7 ﬁT7 7737 77;1;Tu 9T> and f(j)w\é(t, x, zudké) =
T T ~

((g—ﬁ) , (%) cat,nt ok 9T>. In order to relate the
notion of optimal control allocation to the set O, 5(t, x),
we introduce the sufficient conditions for the set

Oud,\(t,x,ﬂ,é) =

T
(Wl ) e rree| [ (28 EA T
4 dug) \ O -

to be the optimal solution of problem (5), by the fol-
lowing assumption.

Assumpiton 3 (Optimal Control Allocation)

a) The cost function J : Rsyy X R™*" — R is twice
differentiable and J(t,x,uq) — 0o as |ug| — 0.

aJ  _9%J 2

Furthermore 52~ 55~ BT

bounded by x and ug.

and are uniformly

b) There exists constants ko > k1 > 0, such that ¥ t,
z, 0, @ and (udT,/\T)T ¢ (’)ud,\(t,x,a,é)

2

I .
a—(t,x,ud,ﬁ, A 0) < kol.

kil <
ou?

(20)
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A 2 2
If (uT A7) €O x,u,0) the lower bound is oL 0L
f( ‘ ) 8 L >ud>\( ’ ) where H : = ( g;‘ OAua | T ig a possibly time-
0 Dugox 0

varying symmetric positive definite weighting matrix
Lemma 1 By Assumption 1 there exists continuous and uysy is a feed-forward like term:
functions Sz, Sgu, Su : R>0 — R>q, such that

%L %L
1 Dtdug -1 dzxdug
[Po1 (¢, 2,0+ uq)| + |[Po2(t, z, @ + ug)| upp:=H ( §2Ld ) + H < 52" )f(tvx)
Dtox DzOX
P 82
< . _ .
Cx(m')%('x)%“Ou')m(lx')%(Z“d”‘owm@)' o 1(8582”>g(t,w(k(t,x)—@(t,x,ud+u,e>>
OxON

%L 9L\ .
+H 1<8u8ud>fu(t €Z, u udvucmdve)m_l<ag§zd>ev

Assumpiton 2 (continued) L 5L
u

c) There exists a Koo function ay : R>g — Rxo, such if det(H) # 0 and uyy := 0 if det(H) = 0, then the
that time derivative of V, along the trajectories of ¥y

ugAinf
. B and X5 is given by: o
a - ([eDeas(|2]) = aa(le))S (=), (21) . -
=—n I,An— aug(\u|)—x I'zAzx

udku

where G(Jx]) = max(1, ¢ ([2), <o ([2])sza (|21))-

oL T oL oL ~ 0L

We approach the problem formulation by i) defin- - \oug T o Oug  ON : (26)
ing a Lyapunov like function, V, \and? for the system
¥ and defining explicit update-laws for ug, A and 7
such that Vu ang < 0. ii) Furthermore, boundedness Proposition 1 If the assumptions 1, 2 and 3 are sat-
of the closed- 1oop system, X1 and Xy can be proved, isfied, then the solution of the closed-loop (12)-(18) is
and the cascade lemma from (Tjgnnas et al., 2006) can  bounded with respect to a set O, \5(t) :== O, 15(t,0)x
be applied to prove convergence and stability. {x € R>y, |z = 0}. Furthermore the set O, g s UGS

Consider the Lyapunov function candidate with respect to the system defined by (12) (18) If in

addition f,(t) == fue(t, z(t), u(t), uema(t)) and ®,4(t) ==

1 1 . :
Vaniing (£, wa, A, @) :=Va(t, ﬂHgWEanﬁngFinx g(t,x(t))cl)92 (f,x(t),u(t)) are Persistently Exited (PE),
OLT 9L OLT oL 1 ) i.e. there exist constants T and v > 0, such that
~0TTy,0,+=601Ty,0, (22 T
<8ud aud+ O\ a)\>+2 1161 1+2 216,02 ( ) ftt+ F(T)TF(T)dTZ’yI’ Vt>to’

is satisfied for F(1) = f,(t) and F(1) = ®4(t), then the
set Oy, \g @8 UGAS with respect to the system (12)-

i oL, (18)
<;)=—FH<§8L;>—UJCJC (23)

The proof of Proposition 1 involves similar steps as in
the proof of the main result in (Tjgnnas and Johansen,

and the algorithm:

v _ (9Va T ~ -1 2007) and is therefore omitted here.
’ ( ou i F,,) Fualts @, s+ ucmd)rel Pr)oposition 1 implies that the time-varying first or-
= OLT 92L OoLT 92L _, der optimal set O_, ,;(t) is uniformly stable, and in
+ é Tat dug OuduU d+ I\ Ou a>>}f w0 (62,1 uema)la, addition uniformly attractive if a PE assumption is
LT 92 LT o2 L\ satisfied. Thus adaptive optimal control allocation is
(8 + g(t,x) g, (t, , uqg+u)T, 1 achieved asymptotically for the closed loop under the
Ouq0xduq — OX Ox 3)/ " PE condition.

(24)

Corollary 1 If for U C R" there exist constant ¢, > 0

_ T > r-1 such that for |xz| < ¢, the domain U, C R™ x U x

02 N g (t, 2) @, (1, 2, u)Ty, R2r+dtntm contain O, 5. then if the Assumptions 1-
oL 9’°L  OL" 9L ; 0 i :

( i )) g(t, )Bg, (t, 2, u)T; 3 are satisfied, the set O, 5 is US with respect to the

Oug Oxdug  OX Oxd 2 0 system (12)-(18). If in addition f,(t) and ®4(t) are

(25) PE, O

g is UAS with respect to the system (12)-(18).

TUN
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3 Example

In this section, simulation results of an over-actuated
scaled-model ship, manoeuvred at low-speed, is pre-
sented. The scale model-ship is moved while experienc-
ing disturbances caused by wind and current, and pro-
pellers trust losses. The propeller losses can be due to:
Axial Water Inflow, Cross Coupling Drag, Thruster-
Hull and Thruster- Thruster Interaction (see (Sgrensen
et al., 1997) and (Fossen and Blanke, 2000) for details).
But in this example we limit our study to thruster loss
caused by Thruster-Hull interaction. A 3DOF horizon-
tal plane model described by:

e = R(Yp)v
v=—-M1Dv+ M1 (27)
T = ¢(V) u7 0)7
is considered, where 7, := (., ye,we)T = (xp—xd, Yp—

Yd, Vp — g)T is the north and east positions and com-
pass heading deviations. Subscript p and d denotes
the actual and desired states. v := (vg, vy, )" is the
body-fixed velocities, surge, sway and yaw, 7 is the gen-
eralized force vector and R(1,) is the rotation matrix
function between the body fixed and the earth fixed co-
ordinate frame. The example we present here is based

n (Lindegaard and Fossen, 2003), and is also stud-
ied in (Johansen, 2004), (Tjgnnas and Johansen, 2005)
and (Tjgnnas and Johansen, 2007). In the considered
model there are five force producing devices; the two
main propellers aft of the hull, in conjunction with two
rudders, and one tunnel thruster going through the hull
of the vessel. w; denotes the propeller angular veloc-
ity and d; denotes the rudder deflection. ¢ = 1,2 de-
notes the aft actuators, while ¢ = 3 denotes the tunnel
thruster. Equation (27) can be rewritten in the form
of (1) and (2) by:

z:=(Ne,v)", 01 := (011,012,013)" , Oy := (021,092, 023) "

T
T i=(11,72,73) ", wi=(w1,ws,ws,81,82)"

f::(R(wewd)v)’g:( 0 )

—M~'Dv M1
Tl(Ux7w17911)

(I)(l/, u, 9) = Gu(u) TQ(U;U, wa, 912) R(d),,)&z
T3(vg, Uy, w3, 013)
(1-D1) (1-D2) 0
Gy(u) = Ly Lo 1
2] D3y 3,2
égl(u) = 71171}(1 — Dl(u) + ll,xLl(u))a

(1)32(11,) = —l27y (1 — DQ(U) + l27$L2(U)) .

The thruster forces are given by:

T (Uam Wi, 911 . Tnz ) ¢2 (wz; Um)elz (28)
ksz [ CL)i Z O
Tni wz ’ kTm wl| w; w;<0’

O1(w1,Vz) =W,  Pa(wa,Uy) 1= Way

$3(ws3) =4 /v2 +v2) |ws|ws, b1z = kro,
g kro,(1—w) v, >0
o kro, vy <0
P kro,(1 —w) v, >0
12 kro, v, <0’

where 0 < w < 1 is the wake fraction number, ¢;(w;, v )01;
is the thrust loss due to changes in the advance speed,

= (1 — w)v,, and the unknown parameters 6; rep-
resents the thruster loss factors dependent on whether
the hull invokes on the inflow of the propeller or not.
The rudder lift and drag forces are projected through:

1+kpn,w; i)di ,w; >0
Li(u»:{g i) ozt
Di(u);:{(()l_Faniwi)(thsh |57?|+kD52i6i2) :ZZ i 8

Further more it is clear from (28) that ®(v,u,6) =
Gu(u)Q(u)+Gy(u)p(w, vy )01+ R (e )02, where ¢p(w, vy) :
diag(¢1, o2, d3), Q(u) represents the nominal propeller
thrust and 65 represents unknown external disturbances,
such as ocean current, that are constant in the earth
fixed coordinate frame.

The actuator error dynamic for each propeller is based
on the propeller model presented in (Pivano et al.,
2007) and given by

s ~ Tnz ~
Imiwi = —kp; (0; + wa;) — — (@5 + wai)
ar
(Wi, Uz )01 )
+ (bl(w Uﬂﬁ) “ + Uemdi — J’miwdi (29)
ar
where @; := (w; — wiq), Jm is the shaft moment of

inertia, k¢ is a positive coeflicient related to the viscous
friction, ar is a positive model constant (Pivano et al.,

2006) and uemg is the commanded motor torque. By
~2
the quadratic Lyapunov function <%

that the control law

it is easy to see

0
Uemdi = — Kwp(a)i) - M + szwdz
ar
Tni 7
+ w + kfiwdi. (30)
ar
makes the origin of (29) UGES when éli = 61;. The

rudder model is linearly time-variant and the error dy-
namic is given by:

a;(t) (5 + 5di) + bitiemasi — Midai
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where § 1= §; — d4i, a;, b; are a known scalar parameter
bounded away from zero, and the controller

bilemdsi = —Kgg — ai(t) (5 + 5dz) + 77%(5(1Z (32)

makes the origin of (31) UGES. The parameters for
the actuator model and controllers are: ar =1, J,,; =
10727 ]sz = 10747 a; = 71074, b; = 10757 m; = 1072,
K.,,=5- 1073 and K5 = 1073

A virtual controller 7, that stabilizes the system (27)
uniformly, globally and exponentially, for some physi-
cally limited yaw rate, is proposed in (Lindegaard and
Fossen, 2003) and given by

7o = —IGRT ()€ — KpR (Yp)ne — Kav,  (33)

where (27) is augmented with the integral action de-
scribed by, € = 7,. Thus Assumption 2 concerning
high- and low- level control is satisfied. The cost func-
tion designed for the optimization problem, (5), is:

3 2 3
J(u):zz ki |ws| w? 4 kiow? —1—2 qiéf—gz lg(—w; + 18)
i=1 i=1 i=1

3 2 2
— lg(wi+18)—> lg(-8i+35)—> lgi+35),

i=1 i=1 i=1
¢=0.05, ki =ky=001, Fkg=0.02,
q1 = (g2 = 2500.

kip = 1073,

By investigating the given specifications of the system
we can see that the Assumption 3 is also satisfied lo-
cally, since u is bounded. The gain matrices are chosen
as follows: K, := M -diag(3.13,3.13,12.5)1072, K4 :=

r]ez [m] r]el [m]

r]e3 [deg]

M-diag(3.75,3.75,7.5)10~, K| := M-diag(0.2,0.2,4)10~

Az :=10,T; = Igyo, Iy, 1= 10"*diag (1,1,10), Ay :=
2[5x5, Tg, := 1073, Ty := diag(10®,10%,3) and I' :=
-1
(HgWHé +el ) where
W := diag (1,1,1,1,1,0.9,0.9,0.7) and £ := 107,
The thruster loss vector #; and 6 are given in Figure
6, 65 := (0.05,0.08,0.02) and 0, are given in Figure 7.
The simulation results are presented in the Figures
2-8. The control objective is satisfied and the com-
manded virtual controls are tracked by the forces gen-
erated by the adaptive control allocation law: see Fig-
ure 5. Note that there are some deviations since w
saturates from 0 — 230s and since the loss parameter
has changed at ca. 420s. Also note that the parame-
ter estimates 6, only converge to the true values when
the ship is moving and the thrust loss is not zero. The
simulations are carried out in a discrete MATLAB en-
vironment with a sampling rate of 20H z
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