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Abstract

The motion of marine vessels has traditionally been studied using two different approaches: manoeuvring
and seakeeping. These two approaches use different reference frames and coordinate systems to describe
the motion. This paper derives the kinematic models that characterize the transformation of motion
variables (position, velocity, accelerations) and forces between the different coordinate systems used in
these theories. The derivations hereby presented are done in terms of the formalism adopted in robotics.
The advantage of this formulation is the use of matrix notation and operations. As an application, the
transformation of linear equations of motion used in seakeeping into body-fixed coordinates is considered
for both zero and forward speed.
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1 Introduction

The study of ship dynamics has traditionally been cov-
ered by two main theories: Manoeuvring and Seakeep-
ing. Manoeuvring refers to the study of ship motion
in the absence of wave excitation (calm water). Sea-
keeping, on the other hand, refers to the study of mo-
tion when there is wave excitation and while the vessel
keeps its course and its speed constant (which includes
the case of zero speed). Although both areas are con-
cerned with the same issues: study of motion, stabil-
ity and control, the separation allows making different
assumptions that simplify the study in each case. A
chief distinguishing characteristic of these theories is
the use of different coordinates and reference systems
to express the equations of motion.

In manoeuvring, the equations of motion are de-
scribed relative to a coordinate system fixed to the ves-
sel (a body-fixed coordinate system), whereas in sea-
keeping the motion is described relative to a coordinate

system fixed to an equilibrium virtual vessel that moves
at a constant speed and heading corresponding the av-
erage motion of the actual vessel. Most hydrodynamic
programs compute radiation and wave excitation forces
in this equilibrium frame.

When time-domain simulations and motion control
system designs are considered, it is necessary to use a
unified framework, and a body-fixed coordinate system
is a natural choice. This calls for kinematic models
that characterize the transformation of motion vari-
ables (position, velocity and accelerations) and forces
between different coordinate systems. For the case of
a vessel operating at zero forward speed, the equilib-
rium coordinate system can be considered fixed to the
earth. The kinematic models then describe the tra-
ditional transformation between body- and earth-fixed
coordinates used in robotics and aeronautics. For the
case of forward speed, transformations between earth-
fixed, body-fixed and equilibrium (or seakeeping) co-
ordinates are different. Details of the latter transfor-
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mations are often only outlined or considered for small
angles in the literature—see, for example, Bishop and
Price (1981); Lloyd (1989); Graham (1990); Faltinsen
(2005).

Therefore, this paper reviews the kinematic models
commonly used in both theories and provides a com-
plete derivation of the transformations that link these
descriptions. In recent years, there has been a signif-
icant interest of these models in relation to the time-
domain models for simulation and control system de-
sign based on data obtained from seakeeping programs,
and unified models for manoeuvring and seakeeping—
see Bailey et al. (1997); Fossen and Smogeli (2004); Fos-
sen (2005); Smogeli et al. (2005); Perez (2005); Perez
and Fossen (2006).

2 Coordinate Systems

To describe the position and orientation of a ship, the
following dextral orthogonal coordinate systems are
commonly used —see Figure 1:

• North-East-Down, {n};

• Body(-fixed), {b};

• Seakeeping, {s}.
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Figure 1: Coordinate systems used for ship motion de-
scription.

The North-East-Down coordinate system

{n} ≡ (on, ~n1, ~n2, ~n3) is the local geographic coordinate
system fixed to the Earth. This is usually determined
by a tangent plane attached to the geodetic reference
ellipsoid (WGS84) at a point of interest, which deter-
mines the origin of the system on. The positive unit
vector ~n1 points towards the true North, ~n2 points to-
wards the East, and ~n3 points towards the interior of
the earth perpendicular to the reference ellipsoid com-
pleting the dextral orthogonal system.

The Body-fixed coordinate system {b} ≡

(ob,~b1,~b2,~b3) is fixed to the vessel. The positive unit

vector ~b1 points towards the bow, ~b2 points towards
starboard and ~b3 points downwards completing the
dextral orthogonal system. For marine vehicles, the
origin ob is usually chosen to be amidships (Lpp/2) and
at the intersection of the longitudinal plane of symme-
try (x–z) and the design water line. Different applica-
tions, however, may require other locations for ob.

The Seakeeping coordinate systems {s} ≡
(os, ~s1, ~s2, ~s3) moves at the average speed of the ves-
sel following its path. This coordinate system can only
be considered when the vessel sails with a straight av-
erage path at a constant average speed. That is, this
coordinate system is not fixed to the vessel but to an
equilibrium state or virtual vessel, and the action of
waves makes the vessel oscillate about this equilibrium;
this is illustrated in Figure 2. The positive unit vec-
tor ~s1 points forward and is aligned with the average
velocity vector. The positive unit vector ~s2 points to-
wards starboard, and ~s3 points downwards completing
the dextral orthogonal system. The origin os is usu-
ally determined such that the zs-axis passes through
the equilibrium position of the centre of gravity of the
vessel, and the horizontal plane that contains ~s1 and
~s2 coincides with the mean free surface of the water.

Equilibrium state

{s}

{n}
{b}

~rns

~rnb

~rsb

Figure 2: Coordinate systems and relative positions.

The coordinate system {n} is used to define the po-
sition of the vessel on the earth, and the direction of
wind, waves and current. This frame is considered in-
ertial, which is a reasonable assumption because the
velocity of marine vehicles is relatively small, and thus
the forces due to the rotation of the Earth are neg-
ligible relative to the hydrodynamic forces acting on
the vehicle. The coordinate system {b} is used to ex-
press velocity and acceleration measurements taken on
board. The equations of motion of the vessel are nor-
mally formulated about the point ob. This coordinate
system is also used to define some ship motion per-
formance indices—see Lloyd (1989). The coordinate
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system {s} is used to define the wave elevation at the
vessel’s average location and to compute the hydro-
dynamic forces using standard software based on hy-
drodynamic theories—see, for example, Fathi (2004),
Journee and Adegeest (2003), WAMIT (2004). The
positive convention described above for the coordinate
systems {n}, {b} and {s} will be the one adopted in
the rest of the paper. In the literature and in different
hydrodynamic programs, however, other conventions
may be used.

3 Mathematical Background

This section defines the mathematical notation and
summarizes some key results that will be used in the
subsequent sections. The material has been adapted
from Sciavicco and Siciliano (2004), Egeland and Grav-
dahl (2002), Kane and Levinson (1985) and Rao
(2006).

3.1 Coordinate Systems and Vector

Notation

We will use the notation ~u to refer to a coordinate free
vector, i.e., a directed line segment. When a vector is
described relative to a coordinate system {a}, we will
use the following representation:

~u = ua1~a1 + ua2~a2 + ua3~a3, (1)

where ~ai are the unit vectors that define {a}, uai are the
measures of ~u along ~ai, and uai~ai are the components
of ~u in {a}. We will also use the coordinate form of ~u
in {a} which is represented as a column vector in R

3:

ua , [ua
1
, ua

2
, ua

3
]T . (2)

This representation enables the use of matrix notation
and operations to discuss different properties of vector
quantities. The coordinate form of a vector is a rep-
resentation relative to a particular basis, whereas the
vector itself is basis independent—coordinate free.

When discussing properties that hold regardless of
the chosen basis, we will simply use u. For example,
~u · ~v = uTv, which holds in any basis as long as both
coordinate vectors are given with respect to the same
basis: ~u · ~v = (ua)Tva = (ub)Tvb.

The cross-product of two vectors ~c = ~a × ~b can be
represented in coordinate form as

c = S(a)b, (3)

where the matrix S(a) gives the skew-symmetric form
of a coordinate vector a = [a1, a2, a3]

T :

S(a) ,





0 −a3 a2

a3 0 −a1

−a2 a1 0



 . (4)

Note that S(a) = −ST (a).

3.2 Rotation Matrix

The transformation of coordinate vectors between dif-
ferent frames is performed via appropriate transforma-
tion matrices. The generic unbound vector ~r, can be
expressed in either {a} or {b} as

~r =

3
∑

i=1

rai ~ai =

3
∑

i=1

rbi
~bi. (5)

Then, the rotation matrix that takes {a} into the ori-
entation of {b} is defined as

Ra
b , [Rij = ~ai ·~bj ]. (6)

Note that Ra
b transforms coordinate vectors in {b} to

coordinate vectors in {a}:

ra = Ra
br
b. (7)

Rotation matrices are elements of the special orthog-
onal group of order 3, SO(3): RRT = I3×3, and
det(R)=1. Thus, R−1 = RT .

A rotation is called simple, if it is a rotation about
a single axis (not necessarily a coordinate axis). If we
consider simple rotations about the coordinates axes,
however, we obtain:

• A rotation of an angle ψ about the z-axis:

Rz,ψ =





cosψ − sinψ 0
sinψ cosψ 0

0 0 1



 (8)

• A rotation of an angle θ about the y-axis:

Ry,θ =





cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ



 (9)

• A rotation of an angle φ about the x-axis:

Rx,φ =





1 0 0
0 cosφ − sinφ
0 sinφ cosφ



 (10)

The above results follow from (6).

3.3 Euler Angles: Roll, Pitch and Yaw

The attitude (or orientation) of a coordinate system
{b} relative to {a} can be expressed by three consecu-
tive rotations about the main axes that take {a} into
{b}. These rotations can be performed in a different
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order (there are 12 different ways of doing this), and
each triplet of rotated angles is called a set of Euler
angles. The set most commonly used in navigation is
that of roll, pitch and yaw, which corresponds to the
rotations performed in the following order:

1. Rotation about the z-axis of {a} an angle ψ (yaw
angle) resulting in the frame {a′};

2. Rotation about the y-axis of {a′} an angle θ
(pitch angle) resulting in the frame {a′′};

3. Rotation about the x-axis of {a′′} an angle φ (roll
angle) resulting in {b}.

The positive angle convention corresponds to a right-
handed screw advancing in the positive direction of the
axis of rotation.

Using these consecutive single rotations, a rotation
matrix can be expressed as

Ra
b = Rz,ψRy′,θRx′′,φ. (11)

After multiplication

Ra
b =





cψcθ −sψcφ + cψsθsφ sψsφ + cψcφsθ
sψcθ cψcφ + sφsθsψ −cψsφ + sψcφsθ
−sθ cθsφ cθcφ



 , (12)

where sx ≡ sin(x) and cx ≡ cos(x). Note that the
matrix multiplication order in (11) is consistent with
(7).

3.4 Angular Velocity

Since the rotation matrix Ra
b is orthogonal

(Ra
b (R

a
b )
T = I), then

d

dt
[Ra

b (R
a
b )
T ] = Ṙa

b (R
a
b )
T + Ra

b (Ṙ
a
b )
T = 0. (13)

This implies that Ṙa
b (R

a
b )
T is a skew-symmetric ma-

trix, and thus it can be described by a column vector
as in (4). The vector ωa

ab of angular velocity of the
frame {b} with respect to the frame {a}, with coordi-
nates in the frame {a} is defined such that

ωa
ab : S(ωa

ab) = Ṙa
b (R

a
b )
T . (14)

It also follows that

Ṙa
b = S(ωa

ab)R
a
b = Ra

b S(ωb
ab). (15)

If we further consider three composite rotations Ra
d =

Ra
bR

b
cR

c
d, then

Ṙa
d = Ṙa

bR
b
cR

c
d + Ra

b Ṙ
b
cR

c
d + Ra

bR
b
cṘ

c
d. (16)

Using (14), we find that

S(ωa

ad) = Ṙ
a

d(Ra

d)T

= (Ṙa

bR
b

cR
c

d + R
a

b Ṙ
b

cR
c

d + R
a

bR
b

cṘ
c

d)(R
c

d)
T (Rb

c)
T (Ra

b )T

= Ṙ
a

b (Ra

b )T + R
a

b Ṙ
b

c(R
b

c)
T (Ra

b )T + R
a

c Ṙ
c

d(R
c

d)T (Ra

c )T

= S(ωa

ab) + R
a

bS(ωb

bc)(R
a

b )T + R
a

cS(ωc

cd)(R
a

c )T

= S(ωa

ab) + S(ωa

bc) + S(ωa

cd),

(17)

which from the linearity of S(·) implies that

ωa
ad = ωa

ab + ωa
bc + ωa

cd. (18)

This holds in any coordinate system and for any
number of consecutive rotations (Kane and Levinson,
1985):

~ωad = ~ωab + ~ωbc + ~ωcd. (19)

3.5 Relationship Between Angular Velocity

and Euler-angle Derivatives

Let us consider the rotation from {a} to {d} via simple
roll, pitch and yaw rotations:

Ra
b = Rz,ψ, Rb

c = Ry,θ, Rc
d = Rx,φ. (20)

The angular velocities corresponding to these rotations
are

ωa
ab = [0, 0, ψ̇]T ,

ωb
bc = [0, θ̇, 0]T ,

ωc
cd = [φ̇, 0, 0]T .

(21)

Using (19), we can write

ωa
ad = ωa

ab + Ra
bω

b
bc + Ra

bR
b
cω

c
cd, (22)

and
ωd
ad = Rd

aω
a
ab + Rd

cR
c
bω

b
bc + Rc

cω
c
cd. (23)

Define the vector of roll, pitch and yaw associated with
the rotation from {a} to {d} as

Θad , [φ, θ, ψ]T . (24)

Then (22) and (23) can be expressed as

ωa
ad = T−1

a (Θad)Θ̇ad =





cψcθ −sψ 0
sψcθ cψ 0
−sθ 0 1



 Θ̇ad (25)

ωd
ad = T−1

d (Θad)Θ̇ad =





1 0 −sθ
0 cφ sφcθ
0 −sφ cφcθ



 Θ̇ad (26)

The inverse relationships are

Θ̇ad = Ta(Θad)ω
a
ad =





cψ
cθ

sψ
cθ

0

−sψ cψ 0
cψtθ sψtθ 1



 ωa
ad (27)
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Θ̇ad = Td(Θad)ω
d
ad =





1 sφtθ cφtθ
0 cφ −sφ
0

sφ
cθ

cφ
cθ



ωd
ad (28)

Note that det(Ta) = det(Td) = 1/ cos θ, and that
T−1
a 6= TT

a and T−1

d 6= TT
d . Therefore, neither Ta nor

Td are orthogonal. Also, T−1
a and T−1

d are singular for
θ = ±π/2—known as the Euler-angle singularity.

3.6 Position and Velocity Coordinate

Vectors

For position and velocity coordinate vectors we will use
a three-script notation. For example, if ~rab is the vec-
tor from {a} to {b}, which indicates the position of
{b} relative to {a}. Then, in coordinate form, the no-
tation raab indicates the position of {b} relative to {a}
expressed in {a}. That is, the upper script indicates in
which coordinate system the vector is expressed, while
the lower scripts indicate the point of interest and the
coordinate system with respect to which the position
is considered. This vector is expressed in {b}, for ex-
ample, can be obtained from

rbab = Rb
ar
a
ab,

Then, the notation vaab indicates the velocity of {b}
relative to {a} expressed in {a}. We will use this no-
tation only when the frame with respect to which the
derivative is taken is inertial, i.e., if a is inertial then,

vaab , ṙaab ≡
ad

dt
~rab.

The derivative of a vector must be specified with re-
spect to a particular coordinate system. We should
then be careful when taking derivatives in coordi-
nate form because the information about the reference
frames in which the derivative is taken can be lost.
For example, the following is a well known relationship
between the derivatives of a vector in two coordinate
systems (Kane and Levinson, 1985):

ad~r

dt
=

bd~r

dt
+ ~ωab × ~r, (29)

in which

ad~r

dt
= ṙa

1
~a1 + ṙa

2
~a2 + ṙa

3
~a3,

bd~r

dt
= ṙb1

~b1 + ṙb2
~b2 + ṙb3

~b3.

(30)

This relationship can be derived in coordinate form by
considering

ra = Ra
br
b. (31)

Taking the time derivative of (31), gives

ṙa = Ra
b [ṙ

b + S(ωb
ab)r

b]. (32)

Ship trajectory

~rnb

{n}

{b}

Figure 3: Ship position used in manoeuvring.

However, it should be noted here that the derivative on
the left-hand side is taken with respect to the coordi-
nate system {a} while the derivative on the right-hand
side is taken with respect to the coordinate system {b}.
To express the above in {b}, we would have to multiply
both sides by Rb

a, which would lead to

ṙb = ṙb + S(ωb
ab)r

b. (33)

This should be interpreted as

aṙb = bṙb + S(ωb
ab)r

b, (34)

where the upper-left script indicates the coordinate
system with respect to which the derivative is taken.
The above expression is the coordinate form of (29).

4 Manoeuvring Theory and

Kinematic Models

4.1 Coordinate Systems and Motion

Variables

In manoeuvring theory, the position of a ship is given
by the position of the origin of {b} relative to {n}:
~rnb—Figure 3 illustrates this. When expressed in co-
ordinate form in {n}, this vector gives the North, East
and Down positions:

rnnb , [N,E,D]T . (35)

The attitude of the vessel will be given by the angles
or roll, pitch and yaw that take {n} into {b}:

Θnb , [φ, θ, ψ]T . (36)

The linear and angular velocities are more conve-
niently expressed in the body-fixed coordinate system.
The vessel linear velocity in {b} is given by

vbnb , Rb
nṙ
n
nb,= Rb

n [Ṅ, Ė, Ḋ]T , (37)
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The components of vbnb will be denoted by

vbnb = [u, v, w]T , (38)

which are called surge, sway and heave speeds respec-
tively (SNAME, 1950). Note that

∫ t

0

vbnb dτ

has no physical meaning; the vessel trajectory is given
by

rnnb(t) =

∫ t

0

Rn
b v

b
nb dτ + rnnb(0).

The angular velocity in {b} is given by

ωb
nb = [p, q, r]T : Ṙn

b = Rn
bS(ωb

nb), (39)

which follows from (15). The components are called
roll, pitch and yaw rate respectively (SNAME, 1950).
Note that the relationship between ωb

nb and the time
derivative of the Euler angles follows from (28) modulo
substitution a, d by n, b:

Θ̇nb = Tb(Θnb)ω
b
nb. (40)

As in the case of the linear velocities,
∫ t

0

ωb
nb dτ

has no physical meaning. The orientation of the vessel
is obtained by integrating (40).

4.2 Kinematic Model {n} − {b}

Following the notation introduced by Fossen (2002) we
can define the generalised coordinate position vector
(position-orientation vector):

η ,

[

rnnb
Θnb

]

= [N,E,D, φ, θ, ψ]T . (41)

and the generalised velocity vector (linear-angular ve-
locity vector) in {b} is defined as:

ν ,

[

vbnb
ωb
nb

]

= [u, v, w, p, q, r]T . (42)

From the definition of these two vectors and (37) and
(40), the manoeuvring kinematic model follows:

η̇ = Jnb (η)ν, (43)

with

Jnb (η) ,

[

Rn
b (Θnb) 03×3

03×3 Tb(Θnb)

]

. (44)

Note that

Jnb (η)−1 , Jbn(η) =

[

Rb
n(Θnb) 03×3

03×3 T−1

b (Θnb)

]

, (45)

and Jnb (η)−1 6= Jnb (η)T because Tb is not orthogonal.

5 Seakeeping Kinematics

5.1 Coordinate Systems and Motion

Variables

In seakeeping, the motion of the vessel is described rel-
ative to the seakeeping coordinate system {s}, which is
an inertial coordinate system fixed to an equilibrium.
In the absence of wave excitation forces, the vessel re-
mains in this equilibrium. When there is wave excita-
tion, however, the vessel oscillates with respect to this
equilibrium. Figure 2 illustrates this. The equilibrium
vessel state is defined by a constant heading and speed:

vnns = ṙnns = [U cos ψ̄, U sin ψ̄, 0]T

ωn
ns = [0, 0, 0]T ,

Θns = [0, 0, ψ̄]T ,

(46)

where the velocity U = ‖vnns‖ = ‖nd~rns/dt‖ and the
heading ψ̄ are constant. Hence, the velocity of {s} in
{n} expressed in {s} is

vsns = Rs
nv

n
ns = [U, 0, 0]T . (47)

In a similar fashion as we did for manoeuvring kine-
matics, we can consider the linear and angular velocity
of the vessel ({b}) relative to {s} expressed in {b}:

vbsb = Rb
sṙ
s
sb , [δu, δv, δw]T ,

ωb
sb , [δp, δq, δr]T ,

(48)

where these are the perturbation body-fixed linear and
angular velocities. The Euler angles that take {s} into
{b} will be denoted by

Θsb , [δφ, δθ, δψ]T , (49)

and then from (28) the following relation holds

Θ̇sb = Tb(Θsb)ωb
sb, (50)

with

Tb(Θsb) =





1 sδφtδθ cδφtδθ
0 cδφ −sδφ
0 sδφ/cδθ cδφ/cδθ



 . (51)

Further, we can define the perturbation generalised po-
sition and velocity vectors:

δη ,

[

rssb
Θsb

]

, δν ,

[

vbsb
ωb
sb

]

. (52)

In the hydrodynamic literature, the following variables
are commonly used:

ξ , δη, (53)

where ξ1, ξ2, ξ3 are the surge, sway and heave perturba-
tion displacements, and ξ4, ξ5, ξ6 are the roll, pitch and
yaw perturbation angles.
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5.2 Kinematic Models {s} − {b}

From the definition of δη and δν in (52), it follows that

δη̇ = Jsb(δη) δν, (54)

where

Jsb(δη) =

[

Rs
b(Θsb) 03×3

03×3 Tb(Θsb)

]

. (55)

This kinematic model is similar to that for the gener-
alised variables used in manoeuvring, i.e., (43). This
is an expected result because both {n} and {s} are
assumed inertial.

The other kinematic models of interest are those that
describe the relation between ν and δν and between
ν̇ and δν̇. To obtain these models, let us consider
Figure 2. From this figure, it follows that

~rnb = ~rns + ~rsb. (56)

By expressing this in coordinate form in {n}, we obtain

rnnb = rnns + Rn
s r
s
sb. (57)

Taking the time derivative gives

ṙnnb = ṙnns + Rn
s ṙ
s
sb. (58)

Note that the time-derivative of Rn
s is zero because {s}

does not rotate with respect to {n}. Further, the last
expression can be written as

ṙnnb = ṙnns + Rn
sR

s
bṙ
b
sb,

= ṙnns + Rn
b ṙ
b
sb.

(59)

If we express the latter in {b}, we obtain the sought
relationship for the linear velocities:

Rb
nṙ
n
nb = Rb

nṙ
n
ns + Rb

nR
n
b ṙ
b
sb,

vbnb = Rb
nv

n
ns + vbsb.

(60)

Let us split the linear and angular part of the velocity
vectors:

ν =

[

ν1

ν2

]

, δν =

[

δν1

δν2

]

, (61)

where ν1 = [u, v, w]T , ν2 = [p, q, r]T , δν1 =
[δu, δv, δw]T , and δν2 = [δp, δq, δr]T . Then from (60)
it follows that

ν1 = ν̄1 + δν1, (62)

where

ν̄1 , Rb
n





U cos ψ̄
U sin ψ̄

0



 = Rb
s





U
0
0



 . (63)

To obtain the angular velocity transformation, we can
turn again to Figure 2 and from (19), it follows that

~ωnb = ~ωns + ~ωsb. (64)

But since {s} does not rotate with respect to {n},

~ωnb = ~ωsb. (65)

This leads to the sought relationship for the angular
velocities

ωb
nb = ωb

sb ⇒ ν2 = δν2. (66)

Combining (62) and (66), we finally obtain

ν = ν̄ + δν, (67)

where ν̄ = [ν̄T
1
,03×1]

T and ν̄1 is given in (63).
Further, from (63) it follows that

ν̄1 = Ucol1(R
b
s)

= U





cδψcδθ
−sδψcδθ + cδψsδθsδφ
sδψsδφ + cδψcδφsδθ



 ,
(68)

where colj(R) denotes the j-column of the matrix R.
Taking small angle approximations and considering
only linear terms, we obtain

ν̄1 ≈ U





1
−δψ
δθ



 . (69)

Hence, (67) can be approximated by

ν ≈ U(−Lδη + e1) + δν, (70)

with

e1 , [1, 0, . . . , 0]T , L ,















0 · · · 0 0
0 · · · 0 1
0 · · · −1 0
...

. . .
...

...
0 · · · 0 0















. (71)

To obtain the relation between accelerations we take
the time derivative of (67):

ν̇ = ˙̄ν + δν̇. (72)

The key issue here is to find ˙̄ν. From (63) it follows
that

˙̄ν1 = Rb
sS

T (ωb
sb)





U
0
0



 = Rb
s U





0
−δr
δq





= −Uδr col2(R
b
s) + Uδq col3(R

b
s).

(73)

Taking small angle approximations

˙̃ν1 ≈ −Uδr





δψ
1

−δφ



 + Uδq





−δθ
δφ
1



 . (74)
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If we consider only the linear terms

˙̄ν1 ≈ U





0
−δr
δq



 = −ULδν, (75)

which is consistent with the approximation (69) taking
δη̇ ≈ δν. Hence, using (75), it follows that (72) can be
approximated as

ν̇ ≈ −ULδν + ˙δν, (76)

Finally, we can also relate δν to the vessel trajectory.
Indeed, from (59) it follow that

η̇1 =





U cos ψ̄
U sin ψ̄

0



 + Rn
b δν1. (77)

Also, from (40) and (65) it follows that

η̇
2

= Θ̇nb = Td(Θnb)ω
b
nb

= Td(Θnb)ω
b
sb

= Td(Θnb)δν2.

(78)

Therefore,

η̇ =





U cos ψ̄
U sin ψ̄
04×1



 + Jnb (η)δν (79)

5.3 Relationship between Euler Angles

The relationship between the Euler angles that take
{n} into {b} and those that take {s} into {b} is as
follows. From the seakeeping assumption we have that

~ωnb = ~ωsb ⇒ ωb
nb = ωb

sb, (80)

which results in

Θ̇nb = Θ̇sb. (81)

Integrating, we obtain

Θnb = Θsb + Θns, (82)

that is,




φ
θ
ψ



 =





δφ
δθ
δψ



 +





0
0
ψ̄



 . (83)

Tables 1, 2 and 3 in the Appendix summarize the no-
tation.

6 Application to Equations of

Motion Transformation

In recent years, there has been a significant interest
in time-domain models for simulation and control sys-
tem design based on data obtained from seakeeping
programs—see Bailey et al. (1997); Fossen and Smo-
geli (2004); Perez (2005); Fossen (2005); Smogeli et al.
(2005). This requires transforming the equations of
motion used in seakeeping theory, (or at least the
forces) to body-fixed coordinates. These transforma-
tions can be done in different ways using different ap-
proximations. This is the topic of this section, which
makes use of the kinematic models developed in the
previous sections of the paper

6.1 Rigid-body Mass and Inertia Tensor

The vessel rigid-body generalized mass matrix about
the origin of {b} is of the form

Mb
RB =

[

mI3×3 −mS(rbbg)

mS(rbbg) Ibb/b

]

, (84)

where m is the mass of the vessel and Ibb/b is the inertia

tensor about (b/) ob. Using the parallel-axis theorem
(see for example Egeland and Gravdahl (2002)), this
tensor can be expressed as

Ibb/b = Ibb/g −mS(rbbg)S(rbbg), (85)

where rbbg gives the coordinates of the centre of gravity

(CG) in {b}, and Ibb/g is the tensor about GG in {b}:

Ibb/g =

∫

b





y2 + z2 −xy −xz
−xy x2 + z2 −yz
−xz −yz x2 + y2



 dm. (86)

The angular momentum of the vessel about CG in {b}
is given by

hbg = Ibb/gω
b
ib, (87)

where {i} represents any inertial frame (e.g., {n} or
{s}). If this is transformed to an inertial coordinate
system, then

hig = Ri
bI
b
b/gR

b
iω

i
ib; (88)

from which it follows that

Iib/g = Ri
bI
b
b/gR

b
i . (89)

This shows that the inertia tensor will not be con-
stant in an inertial frame if {b} rotates with respect
to {i}. Therefore, it is always convenient to formulate
the equations of motion in a body-fixed rather than
inertial coordinate system.
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6.2 Rigid-body Equations of Motion

Following Fossen (2002), the rigid-body equations of
motion in {b} can be written as

Mb
RBν̇ + CRB(ν)ν = τ b, (90)

where Mb
RB is given in (84), ν is given in (42), and the

Coriolis-Centripetal matrix CRB(ν) can be expressed
as:

CRB(ν) ,

[

CRB,11 CRB,12

CRB,21 CRB,22

]

, (91)

where

CRB,11 = 03×3,

CRB,12 = −mS(ν1) −mS(S(ν2)r
b
bg),

CRB,21 = −mS(ν1) −mS(S(ν2)r
b
bg),

CRB,22 = mS(S(ν1)r
b
bg) − S(Ibb/bν2),

(92)

with ν = [νT1 ,ν
T
2 ]T . See Fossen (2002) for further

details and alternative parameterizations of CRB(ν).

6.3 Equation of Motion in {p}

The equation of motion (90) is formulated at the origin
ob of {b}. In order to exploit different locations of the
body-fixed coordinate system, we can transform (90)
to another body-fixed coordinate system.

Let {p} be a body-fixed coordinate system with the
same orientation as {b}. Then,

~rnp = ~rnb + ~rbp. (93)

The time-derivative in {n} give

ṙnnp = ṙnnb + Ṙn
b r
b
bp, (94)

which can be written as

vnnp = vnnb + Rn
bS(ωb

nb)r
b
bp. (95)

Using the fact that {p} has the same orientation as {b},
i.e., Rn

b = Rn
p , we can further write

vpnp = vbnb + S(ωb
nb)r

b
bp,

= vbnb + ST (rbbp)ω
b
nb.

(96)

Hence,
[

vpnp
ωp
np

]

=

[

0 ST (rbbp)

0 I

] [

vbnb
ωb
nb

]

, (97)

or equivalently
νp = H(rbbp)ν, (98)

with

H(rbbp) ,

[

03×3 ST (rbbp)

03×3 I3×3

]

,

H−1(rbbp) ,

[

03×3 S(rbbp)

03×3 I3×3

]

.

(99)

If ~f is a force, then the moments about ob and op are
related as follows:

~mp = ~mb + ~rpb × ~f = ~mb − ~rbp × ~f. (100)

Then, in coordinate form

[

fp

mp
p

]

=

[

I3×3 03×3

ST (rbbp) 03×3

] [

f b

mb
b

]

. (101)

Therefore,
τ p = H−T (rbbp)τ . (102)

Using (102) and (98), the transformation of (90) to {p}
becomes

M
p
RB ν̇p + C

p
RB(νp)νp = τ p, (103)

with

νp = H−1(rbbp)ν

τ p = H−T (rbbp)τ

M
p
RB = H−T (rbbp)M

b
RBH−1(rbbp)

C
p
RB = H−T (rbbp)CRBH−1(rbbp)

(104)

6.4 Seakeeping Equations of Motion in {s}

Using the perturbation body-fixed coordinates δν and
δη, the seakeeping equations of motion can be formu-
lated as

δη̇ = Jsb(δη)δν,

MRBδν̇ + CRB(δν)δν = δτ ,
(105)

where
MRB , Mb

RB.

The generalised force vector is separated into two com-
ponents:

δτ = δτ b
rad

+ δτ b
exc
, (106)

where δτ s
rad

is the vector of radiation forces, and δτ s
exc

is the vector of excitation forces which include the en-
vironmental and control forces.

If we consider the motion within a linear framework,
then (105) becomes

δη̇ ≈ δν,

MRBδν̇ ≈ δτ ,
(107)

which results in

MRBδη̈ ≈ δτ (108)

In seakeeping theory this equation is normally written
as

MRB ξ̈ = τ srad + τ sexc, (109)
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where ξ = δη. Equation (109) is a convenient and
consistent way to write (108) with all the variables in
{s}—however, it should be noted that it arises from
the following approximations:

ξ̇ = δη̇ ≈ δν,

τ s
rad

≈ δτ b
rad
,

τ s
exc

≈ δτ b
exc
.

(110)

Following Cummins (1962), the radiation forces in {s}
can be expressed as

τ srad = −Āξ̈ − B̄ξ̇

−

∫ t

0

K(t− t′)ξ̇(t′)dt′ − Gξ, (111)

where Ā = limω→∞ A(ω) and B̄ = limω→∞ B(ω) are
the constant infinite frequency added mass and poten-
tial damping matrices, G is the restoring matrix, and
K(t) are retardation functions (Ogilvie, 1964):

K(t) =

∫

∞

0

(B(ω) − B̄) cos(ωt) dω.

The matrix B̄ vanishes for the case of zero forward
speed. Substituting (111) into (109) leads to the linear
seakeeping vector equation of motion (Cummins Equa-
tion):

(MRB + Ā)ξ̈ + B̄ξ̇

+

∫ t

0

K(t− t′)ξ̇(t′)dt′ + Gξ = τ sexc. (112)

The convolution term represents the fluid memory ef-
fect; that is, the change in fluid momentum due to the
motion of the hull at a particular time instant affects
the motion of the vessel at all subsequent times.

6.5 Seakeeping Equations of Motion in {b}

In order to design control systems, it is convenient to
express (112) in {b} rather than in {s}. Hydrodynamic
programs compute τ s

rad
and τ sexc based on potential

theory. These forces are calculated by integrating the
pressure of the fluid over the wetted surface of the hull.
The reason for using the {s} coordinate system is be-
cause these forces are computed for the vessel in its
equilibrium position. To express these forces in {b},
we would have to rotate them. However, this would
result in a time varying added mass matrix. Therefore,
from (110), it is common to approximate the radiation
forces in {b} as

δτ brad ≈ −Āδν̇ − B̄δν

−

∫ t

0

K(t− t′)δν(t′)dt′ − Gδη. (113)

Substituting (113) into (107) we obtain the linear per-
turbation model in {b}:

Mδν̇ + B̄δν +

∫ t

0

K(t− t′)δν(t′)dt′ + Gδη = δτ bexc,

(114)
where M , MRB + Ā. This model describes devia-
tions from the equilibrium state. Using the small angle
transformations (70) and (76), we can express (114) as

η̇ = Jnb (η)ν,

Mν̇ + CRBν + CAν + B̄ν

+

∫ t

0

K(t− t′)[ν(t′) + ULη(t′)]dt′

+ Gη = τ b
exc

+ τ̄ b,

(115)

where

CRB , MRBUL,

CA , ĀUL,

τ̄ b , B̄ν̄.

(116)

Expressions (115) give the linear equations of motion
with fluid memory effects for constant average forward
speed and heading. These equations are valid for small
deviations from the equilibrium heading. Note that
most strip-theory codes usually incorporate CA in B̄;
therefore in these cases, CA should be set to zero so as
not incorporate the terms twice in (115). If a motion
control system is designed, the control forces will have
two components, e.g., τ bc = τ̄ b + τ bPID, where the first
term is the force that sets the equilibrium, and the
second one corrects the deviations from it.

For the case of station keeping or manoeuvring at
low speed, these reduce to

Mν̇ +

∫ t

0

K(t− t′)ν(t′)dt′ν + Gη = τ bexc,

η̇ = Jnb (η)ν.

(117)

Note that (115) and (117) are based on potential the-
ory. Therefore, a viscous damping term Bvν can be
added to the left-hand side of (115) and (117)—see
Bailey et al. (1997); Fossen and Smogeli (2004); Fossen
(2005); Smogeli et al. (2005); Perez (2005); Perez and
Fossen (2006).

7 Conclusions

In this paper, the kinematic models most commonly
used for the description of ship motion were derived
using the formalism of the robotics literature. The clas-
sical transformation used in ship manoeuvring, which
relates the body-fixed linear and angular velocity to
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the position and orientation in local geographical co-
ordinates was revisited. The kinematic models used in
seakeeping, together with the simplifying assumptions
that lead to them, were considered with a notation
consistent with that used in manoeuvring. Transfor-
mation between variables were derived, and the results
were applied to expressing the seakeeping equations of
motion in terms of manoeuvring variables. The lat-
ter provides the basis for models that can be used in
guidance and motion control systems.
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A Summary of Variables

Table 1: Scalar variables used the manoeuvring and
seakeeping.

Variable Name Frame

N North position {n}
E East position {n}
D Down position {n}
φ Roll angle -
θ Pitch angle -
ψ Heading or yaw angle -
u, δu Surge speed, Surge pert. speed {b}
v, δv Sway speed, Sway pert. speed {b}
w, δw Heave speed, Heave pert. speed {b}
p, δp Roll rate, Roll perturbation rate {b}
q, δq Pitch rate, Pitch perturbation rate {b}
r, δr Yaw rate, Yaw perturbation rate {b}
ξ1 Surge perturbation displacement {s}
ξ2 Sway perturbation displacement {s}
ξ3 Heave perturbation displacement {s}
ξ4 = δφ Roll perturbation angle -
ξ5 = δθ Pitch perturbation angle -
ξ6 = δψ Yaw perturbation angle -

Table 2: Summary manoeuvring vector variables.

Variable Description

rn

nb
= [N,E,D]T Vessel position in {n}

vb

nb
= [u, v, w]T Vessel linear velocity in {b}

ωb

nb
= [p, q, r]T Vessel angular velocity in {b}

Θnb = [φ, θ, ψ]T Euler angles that take {n} into {b}
η = [(rn

nb
)T , (Θnb)

T ]T Generalised position vector
ν = [(vb

nb
)T , (ωb

nb
)T ]T Generalised velocity vector

η̇ = Jn

b
(η)ν Vessel trajectory

Table 3: Summary seakeeping vector variables.
Variable Description

rs

sb
Vessel perturbation displ. in {s}

vb

sb
= [δu, δv, δw]T Vessel linear pert. velocity in {b}

ωb

sb
= [δp, δq, δr]T Vessel pert. angular vel. in {b}

Θsb = [δφ, δθ, δψ]T Euler ang. that take {s} into {b}
δη = [(rs

sb
)T , (Θsb)

T ]T Generalised pert. position vector
ξ = δη Seakeeping variables
δν = [(vb

sb
)T , (ωb

sb
)T ]T Generalised pert. velocity vector
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