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We consider the problem of stabilizing the position and orientation of a ship to
constant desired values, when the ship has only two independent controls and
also the ship is subject to an environmental force of unknown magnitude. We
propose a time-varying feedback control law and a disturbance adaptation law,
and show that this provides semi-global practical asymptotic stability. The control
and adaptation laws are derived using a combined integrator backstepping and
averaging approach. Simulation results are presented.

1. Introduction

Position and orientation control of ships are required in many offshore oil field
operations, such as drilling, pipe-laying, tanking between ships, diving support, etc.
The dynamic positioning (DP) control problem consists of finding a feedback control
law that asymptotically stabilizes both the position and orientation to desired
constant values. We consider the DP control problem for a ship that has no side
thruster, but two independent main thrusters located at a distance from the centre
line in order to provide both surge force and yaw moment. The control problem
considered in this paper is to find a feedback control law that asymptotically stabilizes
both the position variables and the orientation, using only the two available controls.
As we attempt to control three degrees of freedom with only two independent
controls, we have an underactuated control problem.

Control of underactuated ships is an active topic of research. Underactuated
tracking control of ships has been considered for instance in Godhavn (1996), Fossen
et al. (1998), Berge et al. (1998), Pettersen and Nijmeijer (1998), Sira-Ramirez (1999)
and Bullo (2000). From results by Brockett (1983), Coron and Rosier (1994) and
Zabczyk (1989) the ship is not stabilizable by static state feedback. The underactuated
stabilization problem is thus not solvable using linear control theory or classical
nonlinear control theory like static feedback linearization. In Wichlund er al. (1995)
a continuous feedback control law is proposed that instead asymptotically stabilizes
an equilibrium manifold. The desired equilibrium point is then stable as all the
system variables are bounded by the initial conditions of the system. Further-
more, the position variables with this approach converge exponentially to their
desired values. The course angle however converges to some constant value, but not
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necessarily to zero. In Reyhanoglu (1996) a discontinuous feedback control law is
proposed, and this provides exponential convergence to the desired equilibrium point,
under certain assumptions on the initial value. In Pettersen and Egeland (1996) a
time-varying feedback control law is proposed that provides exponential stability of
the desired equilibrium point. However the feedback law only locally stabilizes the
desired equilibrium point. In Pettersen and Nijmeijer (1999) a time-varying feedback
control law is proposed that provides semi-global practical exponential stability of a
simplified model of the ship, where the surge and yaw velocities are considered as
controls. In Fantoni ez al. (2000) another simplified ship model is considered, a
hovercraft, and based on passivity considerations and Lyapunov theory discontinuous
control laws are proposed giving global convergence to the origin. In Bullo e al.
(2000) a geometric framework for controllability analysis and motion control is
proposed for mechanical systems on Lie groups, including the underactuated hover-
craft. In this paper we propose a time-varying feedback control law that provides
semi-global practical asymptotic stability of the ship dynamics with surge force and
yaw moment controls.

Moreover, in previous works on underactuated ships and other underactuated
vehicles, the influence of environmental disturbances has generally not been taken
into account. Disturbances are included when considering the tracking control
problem in Fossen et al. (1998) and Berge et al. (1998). For underactuated ship
stabilization however, to the authors’ best knowledge no results have been presented
including disturbances in the control analysis and design. The experiments in Pet-
tersen and Fossen (2000) showed that the ship with the locally exponentially stabilizing
control law of Pettersen and Egeland (1996), experienced stationary oscillations.
Simulations indicated that the main reason for the oscillatory behavior was the
environmental disturbances. It was thus pointed out that a topic of future research
should be the inclusion of a constant environmental force in the analysis and control
design, possibly including adaptation in the control scheme, in order to reduce or
climinate the stationary errors and oscillations, which is the motivation for this paper.
With the approach developed in this paper, we still have stationary oscillations, but
we are able to affect the amplitude of the oscillations. We consider here the DP
problem when the ship is subject to an environmental disturbance, i.e. stabilizing a
constant position and orientation while compensating for a disturbance of unknown
magnitude giving force components in both surge and sway and also a yaw moment,
when only surge force and yaw moment controls are available. To this end we propose
a time-varying feedback control law and an adaptation law that provide semi-global
practical asymptotic stability. The paper is organized as follows. In Section II the
model of the ship is presented. In Section III the control and adaptation laws are
developed and proved to semi-globally practically stabilize the underactuated ship.
Simulation results are presented in Section I'V.

2. The ship model
We use the following ship model Fossen (1994)

Mo+ Clvp+Do=1+F,, (1)

1 =J(mp @
where v=[u, v, r]" are the linear velocities in surge (body-fixed x-direction) and
sway (body-fixed y-direction) and angular velocity in yaw (about body-fixed
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z-axis) respectively. The configuration vector =[x, y, ]* denotes the position and
orientation of the ship in earth-fixed coordinates. The matrix M is the matrix
of inertia, including added mass effects. It has the properties (d/d)M =0 and
sTMs>0VseR?®. The D matrix represents the hydrodynamic damping and has the
properties (d/df)D =0 and s"Ds> (0VseR*. We assume that the matrices M and D
are diagonal, i.e.

M =diag{m,;, my;, M3} 3)

D =diagid,,, d,,, ds3} Q)

This is true for ships having port/starboard and fore/aft symmetry, when the axes of
the body-fixed coordinate system are chosen parallel to the principal axes of the
displaced fluid, which are equal to the principal axes of the ship. Most ships
have port/starboard symmetry. Non-symmetry fore/aft of the ship implies that
Myy =My, 70 and d,5 #dy, #0. These terms will, however, be small compared to
the diagonal elements m; and d; (i=1...3) for most ships. Control design under a
relaxation of this assumption to the general case is trivial to solve for fully actuated
ships, while it is a topic for future research for underactuated ships.
The Coriolis and centripetal matrix is

O 0 —m22V
Cw)=| 0 0 my U (5)
MV — Mg U 0

and we note that it is skew-symmetric.
The J matrix represents the kinematic transformation from body-fixed to Earth-
fixed coordinates

cos(y) —sin(y) 0
Jir)=| sin(y)  cos(y) 0 ©
0 0 1

The ship is subject to environmental disturbances like wind, waves and ocean
currents. We do not want the ship to react to the high-frequent components of the
environmental disturbances, as this would only give increased wear and tear on the
thrusters. Instead we want the control system to compensate for the low-pass filtered
bias of these disturbances. The disturbance is thus modeled as a constant or slowly-
varying force. The angle between the disturbance force and the earth-fixed x-axes is
denoted by y. We assume that the direction of the force can be measured, but the
magnitude of the environmental force, F, is not measurable, and we will thus have to
estimate this. We will control the rotation of the ship around a desired centre of
rotation (CR) where the origin of the body-fixed coordinate system is placed. This
will be located at the center line, but not necessarily coincide with the center of
gravity (CG). The distance between CG and CR along the center line we denote by
a. The forces and moment due to environmental disturbances are then given by

Feos(y —v)
Feﬂ =1 — FSlIl(‘b’ —7) (?)
— Fasin(y —7)
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The vector of controls is

=0 ®)
7

r

3. Semi-global practical stabilization

The dynamic positioning control problem considered in this section, is to find a
feedback law that asymptotically stabilizes the origin (1, v) = (0, 0) when the ship is
subject to an environmental disturbance of arbitrary direction given by y, and of a
bounded but unknown magnitude F. Note that compensating for the sway component
of F,,, would be significantly simplified if the ship was fully actuated, such that

7, #0.
The dynamic equations of the ship can be rewritten as
7, + Feos(y —7v)
Mo+ Clow+Dv=| —myur— Fsin(y —7) )
T, +my, uv — Fasin(y —y)
1= J(nw (10)
where

0 0 _mzzv
Cwy=| 0 0o o0 (11)
my,v 0 0

is a skew-symmetric matrix. For the development of the control law, we will consider
the term m, ur as the input to the second of the three dynamic equations in (9).
Define

1 .
Uy = p sin(wi) (12)
‘ AT
re=— 2 (—d.,v +k, sin()x — k,cos(y)y + Fsin(y — p))sin(wr)  (13)
My p
where
p(x, s Y, ¥) = an/fsin®(Y —y) + x% + 32 + Y2 + v + &2 (14)

and o, &, d.,, k., k,, >0 are constant control parameters, and where F is the
disturbance estimate given by

F= %‘ (cos(y — y)u — sin(y — y)v — asin(y —y)(r + ) 15)

where the constant parameters o, 2 > 0. We define F=F— F
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Let v, =[uy, 0, ry]". We define the new coordinates

a=u—u, (16)
p=v (17
F=r—r, (18)
and 0=[g, 7, F]". The system equations in the new coordinates are
M+ C(5 + vy) + D(6 +v,) =
T, + Feos(y —v)
—my (7 + dary + Fug + ugry) — Fsin(y —y) | — My, (19)

T, +my, (@ + u,)v — Fasin(y —v)
1 =JHm)(©@ +v,) (20)

F= ;l_ (cos(y — y)(@ + ug) — sin(y — y)¥ — asin(y — Y)(F + ra + ) 2D

Based on recursive vector-backstepping controller design, we propose the following
control law

tu= — Foos(Y — 1) — dpyit — k cos(Y)x — k, sin(y)y — AMmyy —mpp W (22)
t, = Fasin(y —y) — da 7 — kg — Ims37 — Ady3¥ (23)

where the constant control parameters d.,, d,;, d.s, k., k,, ky, 1> 0.
The averaged system equations of the closed loop system (19-23), are then
(Sanders and Verhulst, 1985)

Mo+ C(0)5 + Do=
—F cos(fy —y) — d;y i — k,cos()x — kysin(y)y — A(m,  —my v
— My GF — de ¥+ ksin()x — kycos(ih)y + Fsin(y —y) (24)

my @7 + Fasin(y —y) — daF — kW — AmysF — Ady 3
1 =J(n)o (25)
F=2 (costy —a—sin(y — )9 — asin(y — )+ 19) @6)
For this system we choose the Lyapunov function capdidate
V=%(D+ An)™ M + An) + %quq +éaﬁ*2 @

where

(28)

-

I
o oo
o oo
~ o o
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ks

K= (29)

.

0
0 k
0 0 Kk
The time derivative of J along the averaged system vector field is

V=(0+An)'(MAj + C(5)An — D(0 + Ay) + DAy

— Feos(y —y) — d.yii — k.cos(y)x — k,sin(y)y — Amy, — my, Wi
+ — My, iF — d 5 7 + k,sin()x — k,cos()y + Fsin(y — y) (30)
my, v + Fasin( — y) — d 4 F — kg — AmyyF — Ada3

+n7 Kij + o FF
A simple manipulation of the equations yields

V=(0+ A)"(MAs + C(6)An-D(6 + An) + DAy

Amy v — Fcos(:,b — ) — dey il — kycos(y)x — kysin(y)y — A(myy —mpp W@
+ —d, 7+ k,sin(y)x — k,cos()y + Fsin(y —7)
FaSin('.b — ) —dafF — kww — AmzsF — Adsys

T ~ A
+#n' Ki) + oFF G1)
—cos(yy —7)
=@0+A))"(—DE+ A+ F| sin@y —y)
asin(y —y)
d, 0
—| 0 d, O |(5+An)—J"Kn)+ 4 KJs+oFF (32)
0 0 dg
Define
d, 0 0
D=0 d, 0 (33)
0 0 d,

Using the adaptation law (15) we get
V= —(0+An)"(D + D)5 + Ay) — A, y? (34)

Thus V is negative semi-definite. As the averaged system is autonomous, we can use
La Salle’s theorem. The set R= {(5, n, F) | V=0} = {(5, n, F)|(5 =0, y =0}.

X — cos(y)
Mi|g=—K|y |+F| —sin(y) (35)
0 — asin(y)
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If a # 0, the last of these three equations implies that unless the desired direction of
the ship is exactly parallel to the direction of the disturbance (i.e. unless sin y = 0),
then for any solution that stays in R we have that F=0, and thus by the first and
second equation also x and y have to be zero as K is a non-singular matrix. So in
this case the whole state vector converges to zero.

We have thus proved the following result

Proposition 1: 1f asin(y) #0, then the origin (5, n, ) =(0, 0, 0) of the averaged
closed-loop system (24-26) is globally asymptotically stable.

Then, by Teel et al. (1999) we have the following proposition. Note that e is the
frequency of the time-varying functions (12-13)

Proposition 2: If asin(y) #0, then there exists a constant w* >0 such that for
w* <@ < oo the origin of the closed-loop system (19-23) is semi-globally practically
asymptotically stable.

Therefore, if the desired center of rotation CR is not placed at the center of
gravity, i.e. a a # 0, and the desired direction of the ship is not chosen parallel to the
direction of the environmental disturbance, i.e. sin(y) # 0, then with suffciently high
frequency of the time-varying control the ship converges to an arbitrarily small
neighborhood of the desired configuration.

4. Simulation results

The ship model used in the simulations describes Cybership I which is a model
of an offshore supply vessel scale 1:70, having a mass of 17.6 kg and a length of
1.2 m. The desired CR where the origin of the body-fixed coordinate system is placed,
is located 40 cm in front of the CG along the body-fixed x-axis, hence a = — 0.4 m.
The magnitude of the environmental disturbance was assumed to be F=0.07 N,
which is similar to the environmental disturbance experienced at the Guidance and
Navigation Laboratory, NTNU, for this ship during experiments reported in Pettersen
and Fossen (2000). In these experiments the locally stabilizing time-varying feedback
control law from Pettersen and Egeland (1996), with integral action but without
disturbance adaptation, is used for the control of the model ship.

The experiments in Pettersen and Fossen (2000) showed that the ship with the
locally exponentially stabilizing control law experienced continual oscillations about
stationary errors. The oscillations could be due to a combination of several factors,
like modelling errors, actuator saturation, measurement noise and environmental
disturbances like currents and waves. However, simulations indicated that the main
reason for the oscillatory behavior was the environmental disturbances. It was thus
pointed out as a topic of future research to include a constant environmental force
in the analysis and control design, possibly including adaptation in the control
scheme, in order to reduce or eliminate the stationary errors and oscillations, which
was the motivation for the work presented in this paper. With the approach developed
in this paper, we will still have stationary oscillations, but we are able to affect the
amplitude of the oscillations. From (12-13) we see that when the state variables x, y,
¥, &, v, F and F have converged to zero, the amplitude of the oscillations in u and r
will be approximately

ur —2 sin(y)sin(wt) (36)

V#TE,
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r —

F sin(wf) 37)
My, o

assuming that ¢ << sin y. We note that the smaller sin(y) is, the smaller the amplitude
of the stationary oscillations in « will be. In practice one typically wants to head the
ship quite close to the opposite of the direction of the environmental force, in order
to decrease the sway force and yaw moment resulting from the environmental force.
From Proposition 1 we see that we cannot choose sin(y) =0 (since we need some
excitation for all the system variables to converge). We will therefore have some
oscillations in u. Also note, that the larger the magnitude of the disturbance force is,
the higher is the amplitude of the oscillations in r. The scaling factor o is a tool for
increasing/reducing the amplitude of the oscillations in « in proportion to r.

The 7 value of the simulation was y =0.087 rad = 5 deg. No apriori information
about F was assumed. Guided by linear control theory applied to the linearization
of the averaged system (24-26) about the origin, we chose the following control
parameters

ky=10 d =150
k,=1 d,=40
ky=05 d;=15
=1 =10
e=0.001 =05
a=10.38

Initially the ship was at rest, with a deviation of —2 [m] in the x-direction and -1
[m] in the y-direction from the desired position at the origin. Figure 1 shows the tra-
Jectory of the ship in the xp-plane, and Figures 2-9 the time evolution of the state
variables and controls. The simulations showed that the ship converged to a small
neighborhood of the origin. Comparing the simulation results to the experimental
results presented in Pettersen and Fossen (2000) the simulations indicated that the
control law proposed in this paper demands more high-frequent control in order to

x-position [em)
[
8
T

1
—250 -200 -150 -100 -50 0 50
y—position [cm]

Figure 1. The trajectory in the xy-plane.
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Figure 2. The position variable x [em].
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Figure 3. The position variable y [cm].
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Figure 4. The orientation  [deg].
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Burge valocity, u [omis]

Figure 5. The surge velocity u [cm/s].
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L

Figure 6. The sway velocity v [cm/s].
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Figure 7. The yaw velocity r [deg/s].




Semi-Global Practical Stabilization for an Underactuated Ship 99

. N

1] 500 o0 1800
e 1)

Figure 8. The disturbance estimate £ [N].
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Figure 9. The force and moment controls 1, [N] and <, [Nml].

give a stable scheme. How close to the origin the ship converged, depended strongly
on the control parameters and also on the direction of the environmental force, 7.
We note that the adaptation error converged quite slowly, as the adaptation
parameter was chosen quite large in order for the eigenvalue of the F-dynamics (for
the linearized averaged system) to be well below the bandwidth of the other system
variables, and also as smaller values of ¢ were seen to give larger stationary errors in .

5. Conclusion

Few results have been reported on the control of underactuated systems in the
presence of environmental disturbances. In Pettersen and Fossen (2000) experiments
were performed with the time-varying controller proposed in Pettersen and Egeland
(1996) extended with integral action, for the dynamic positioning of an underactuated
ship. While simulations with the proposed control law showed exponential conver-
gence to the desired position and orientation, the experiments revealed that the ship
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would instead oscillate around stationary errors. Further simulations indicated that
the main reason for this was a constant environmental force acting on the ship, and
this motivated the work presented in this paper, where a constant environmental
force was included in the analysis and control design.

In the paper the dynamic positioning problem was considered when the under-
actuated ship was subject to a disturbance of unknown magnitude giving force
components in both surge and sway together with a yaw moment, when only surge
force and yaw moment controls were available. To this end, we proposed a time-
varying feedback control law and an adaptation law. This gave semi-global practical
asymptotic stability. Simulation results were presented and these showed how the
ship converged to a neighborhood of the desired position and orientation. With the
approach developed in this paper, there will still be stationary oscillations, but we are
able to affect the amplitude of the oscillations. The simulations indicated that the
control law proposed in this paper compared to Pettersen and Fossen (2000) demands
more high-frequent control in order to give a stable scheme. Also, how close the ship
converged to the origin depended strongly on the control parameters and on the
direction of the environmental force. Furthermore, the convergence of the disturbance
estimate was quite slow. The simulations thus indicated that the controller has several
drawbacks in practical applications, but the approach can hopefully motivate future
research on how to take environmental disturbances into account for the control of
underactuated systems.
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