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Optimal load allocation
©. ANDREASSENT and T. O. OLSENj
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An algorithm for optimal boiler load allocation is compared with a sub-optimal
algorithm and with equal load distribution. Advantages and disadvantages of the
optimal and sub-optimal algorithms are discussed, and by a practical example it is
demonstrated that the optimal algorithm may give substantial cost reductions.

1. Introduction

Optimal load allocation in steam generating plants has important energy conserva-
tion and cost minimization aspects. The load allocation problem may be treated as an
optimization problem, with minimum generating costs as the objective. Due to the
amount of computation which is required to solve the resulting non-linear minimiza-
tion problem, several simpler allocation schemes have been proposed and used. This
paper investigates the convergence of one particular sub-optimal method, and com-
pares it to an optimal solution. Based on theoretical considerations and application
examples, this paper advocates the use of an optimal allocation scheme.

2. Problem statement

The optimal load allocation consists of distributing the given total plant steam
demand L; between N boilers, allocating each boiler the steam load ; (i=1, ..., N),
so that the total steam generation cost

%
Cc= Y C (1
i=1
is minimized subject to

N
L;=L; (total steam demand must be satisfied) (2)

i=1
L ..<Li<L;_,_ orL;=0 (boiler capacity limits) (3)

Solving eqn. (2) for say Ly, the resulting allocation problem is a N— 1 dimensional
optimization problem.

As in Leffler and Shigemura (1978) and Cho (1978), the separate boiler cost
functions are expressed as

C=P —— )
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where
h enthalphy of steam
P, price per joule of fuel on boiler i
n; boiler efficiency (load dependent)
L; steam load on boiler i

Cho (1978) represented the boiler efficiencies by fitting second-order polynomials to

observed boiler data.
In this paper quadratic expressions are used for the boiler efficiencies

m=a,LF+bl+c (5
The total steam generation cost to be minimized may then be expressed as
ad hL
c=Y P, : (6)

i=1 aiL,z +b;L¢ +c;
With specified L; and known parameters in eqn. (6), the L;s minimizing C can be
found by a numerical minimization procedure, which in principle determines the
loads recursively.
For ease of notation, let
L=[L ... Ly]" )
The numerical minimization, repeated here for easy comparison with a sub-optimal
procedure later, is done by the algorithm

Lk+1)=L(k)—-VC ®
where &, is determined by minimization of C in the direction VC(L(k)).

In the following an optimal solution is compared to two other methods for load
allocation.

3. Three methods for boiler load allocation

Several alogorithms have been proposed for allocation of steam load to a multiple
of boilers in a steam generating plant.

In this paper three methods are considered.

1. The most primitive.
An increase or decrease in steam demand is distributed with an equal portion
to each of the boilers.

2. An algorithm for optimal steam load allocation.

3. A method presented in Leffler and Shigemura (1978), which uses the gradient
of the cost function in a more simple manner than the optimal algorithm. This
method will be referred to as the ‘sub-optimal’ algorithm.

These methods will be described in more detail.

3.1. Fqual distribution
According to this, a change, 8, in total steam load demand, will be distributed with
the same load change to each of the N boilers

AL1=£, '(9)
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The most positive that can be said about this criteria from a cost optimization point
of view, is that it is simple. It does not take into consideration that boiler efficiency is
dependent on boiler load. Only when the boilers have equal initial load, and identical
efficiency curves, this method will be of any value.

In this paper equal distribution is only used as a reference, to see what actually can
be saved by using more sophisticated methods.

3.2. Optimal boiler load allocation

The results on optimal boiler load allocation presented in § 4 were found by solving
the optimization problem of § 2 by the use of the method of projected gradients and
Davidson’s cubic interpolation method.

Having constraints allowing the steam load on boiler i to be zero, made us make the
program with L, . =0 for each boiler, but with a special algorithm ensuring that no
boiler was allowed to work with a load greater than zero but lower than its real mini-
mum capacity. In our example this worked out very satisfactorily, having negligible
impact on the optimization results.

Since the load is allocated statically, the method does not take into account
transient losses caused by changing load on each single boiler. An optimal solution is
therefore also dependent on how often optimization is performed as steam demand
varies with time.

3.3. The sub-optimal load allocation algorithm

In order to avoid the line-search procedure needed to determine oy in eqn. (8), and
to eliminate the need for calculating V2C for each iteration step, a ‘sub-optimal’
allocation scheme has been proposed (Leffler and Shigemura 1978), where at every
change in plant steam demand, the whole load change is allocated to the boiler which
is most cost efficient at the present operating point. [n order to decide whether a boiler
i1s cost efficient, the derivative of its cost function with respect to boiler load is com-

puted.
dc,_,, (| _ L duL)
dL; U \n(L) o(L)? dL

This is known as the gradient of the cost function.

If B is positive (load increase), the change is allocated to the boiler with the, at the
moment, lowest gradient vatue.

If B is negative (load decrease), the change is allocated to the boiler with highest
value,

In cases where the total load change cannot be allocated to the boiler without
reaching its upper or lower production limits, the remaining part will be allocated to
the next most effective boiler.

The gradient of the total cost function,

dC _(dC; dCy\"
dL \dL, " dLy

would be the direction of steepest decent in a search for minimum overall cost, and
Aral ef al. (1979) argue that this ‘sub-optimal’ method is approaching optimum as load
changes with time.

The authors concede that this solution, which is a step along one axis in the
N — 1-dimensional space, converges slower than a step in the gradient direction, which

(10)

(1)
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would imply allocating the load change to more than one boiler. It is obvious that the
one-boiler load-change scheme also converges slower than a numerical optimization
procedure, which will bring the load distribution to the optimal configuration after
each change in plant steam demand.

3.4. Convergence of the ‘sub-optimal’ algorithm

It can be shown that this simplified allocation algorithm converges under certain
conditions to what is termed ‘ideal participation’, i.e. the rates of individual boiler
loads to the range of the boilers is constant. The conditions stated in (Aral et al. 1979)
are rather restrictive: g is small compared to the range of the boilers, and the changes
in plant steam demand are fluctuations of + 8 about an operating point.

It is also claimed that due to varying steam demands, the simplified allocation
scheme results in a loading distribution which minimizes the total generating costs,
i.e. minimizes C of eqn. (1). In fact, the steam demand changes must satisfy several
restrictions for this to be true. In the following analysis, conditions for such conver-
gence are determined. The sub-optimal recursive procedure is

L(k+1)=L(k)+B* g(k) (12)
where B is the change in steam demand at instant k+1 and
dC,; T

k)=|0..— 0..0 13

g(k) [ | ] (13)

where boiler i have the highest value of 8 dC;/dL, at Li(k).
In order to study the convergence of eqn. (12), the gradient of the minimization
criterion is expanded in a Taylor series around the optimal loal distribution Lg:

VO(L)=VO(Lo)+ V2 C(LoYL—Lo)+ ...

~ V2C(Lo)L—Ly) (14)
if L—Lg is small.
Noticing that
glk)=H(k)VC(Ly) (15)

where H(k) has only one non-zero element which is 1 in the (i, #) position, we may write

Lk+1)—Lo=L(k)—Lo +BH(k)v2C(Lo)(L(k)—Lo)}

Lk +1)—Lo=[I—BH(k)V2C(Lo)DL(k)—Lo)

The convergence of the sub-optimal algorithm may be determined using eqn. (16).
Equation (16) is also written in this form to allow casy comparison with a recursive
algorithm for solution of the optimization problem, eqn. (8).

For the sub-optimal algorithm to converge to the true minimum L,, two conditions
must be met

@) |I-BHE)V>C(Lo)| <1
(ii) The sequence H(k)V2C(L,), k=1, . .. must span the whole optimization space.

(16)

Using what we have termed the sub-optimal method, the step size g and the step
direction H(k)V2C(L,) is given by plant steam demand and boiler operating con-
ditions, and there is no guarantee that conditions (i) and (ii) will be satisfied during
normal plant operation. This is in contrast to the recursive optimal algorithm
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(eqn. (8)), where the step size « is determined by one-dimensional minimization, and
the step direction is also a rational choice, e.g. steepest decent.

3.5. Comparison of the aptimal and sub-optimal algorithm

There is a fair chance, however, that the sub-optimal algorithm converges to a
boiler load vector L within a small distance from the optimum when load changes are
frequent and small. On the other hand, the loading pattern may be significantly
different from the optimal one in periods following large changes in plant steam
demand.

Another important factor in the comparison of the sub-optimal and optimal
algorithms is the cost function’s oscillations around the minimum value, due to the
externally given step size. While the step size and number of iterations using the
optimal algorithm are determined from a specification of an acceptable accuracy in
determining C(L,), the suboptimal algorithm has to accept the B the plant requires.
Due to this fact a limit cycle in C will occur even in the case of 8 being small oscillations
around an operating point. This may give a significantly larger value of cost integrated
over time than what can be achieved using the optimal algorithm.

Because the sub-optimal algorithm uses the plant steam demand changes as
excitations, in general a number of such changes must take place before the load
allocation can be expected to be in the neighbourhood of the optimal load vector,
supposing conditions (i) and (ii) are satisfied.

Depending on the frequency of the steam demand changes, this transient period
may also represent significant economic losses, compared to the algorithm which
determines the optimal loading pattern after change in steam demand.

The advantage usually claimed for the sub-optimal algorithm is its simplicity, and
that it requires less programming and computing effort. Considering the low cost and
computional power of the microcomputers of today, we do not see this as a deciding
factor.

The fact that the sub-optimal algorithm allocates the change in load to only one
boiler (in general) may also be considered an advantage, but it has to be weighted
against the possible cost of the large changes in load the boilers may be subject to
(e.g. more frequent shut-down and start-up of boilers).

4. A four boiler example

To evaluate and compare the methods mentioned above, a model of a steam
generating plant with four boilers and a total capacity at 181600 kg/h [400000 Ib/h] was
studied. The fuel is oil, and the boiler capacities are as follows:

Boiler I 54480 kg/h [120000 Ib/h]
., 2 36320 kg/h [80000 1b/h]
. 336320 kg/h
, 4 54480 kg/h

The minimum capacities were said to be 10%, of maximum load capacity. Boiler
efficiencies are given by egn. (5), with parameters given in Table 1.

To get an impression of how steam demand changes, we used registrations from a
Norwegian paper-mill. This installation has a lower maximum capacity than in our
model, but the variations should be quite realistic.
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Efficiency curve parameters

Boiler no. a b; G
1 —1-755-10~1! 3-817- 107 0-86
2 —1-774-10~1* 2-023- 1077 0-85
3 —3-949- 101! 2:01-10-¢ 0-85
4 —-2:911-10-1 2-093-10~¢ 0-84
(dim [L]=kg/h)
Table 1.
% 4
100 4
100%=170 t/h
80
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201
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Figure 1. Steam demand, low activity period.
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Figure 2. Steam demand, high activity period.

By sampling these registrations every half hour, we concentrated on two periods
of 24 h each. One with relatively small and few changes, and the other with larger and
more frequent variations. Here the periods are called the low- and high-activity
periods, respectively. The steam load to be allocated is shown in Figs. 1 and 2.

This four-boiler example was used to compare the equal distribution, optimal and
sub-optimal load allocation schemes. Results from there cases are given here:

(@) Equal allocation versus optimal allocation in a 120 h period

Optimization gives a cost reduction of approx. 0-89,. This gives an impression
of how much you lose by not using any kind of optimization method.
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(b) Optimal allocation versus sub-optimal in the low activity period
Since the suboptimal method is dependent on the load allocation when the
algorithm starts to work, it was assumed an initial total load of 120000 kg/h

with 30000 kg/h on each boiler.

Optimal allocation gave a cost 0-11% lower than the sub-optimal method.
Compared to an allocation with equal portions, optimization would mean a
cost reduction of 0-73%,.

The steam loads on each boiler using sub-optimal and optimal methods are
illustrated in Fig. 3.

(c) Optimal allocation versus sub-optimal in the high activity period
Initial load: 100000 kg/h with 25000 kg/h on each boiler.

Here the optimization method gave a cost 0-29 %, lower than the sub-optimal
method.

Compared to the method with equal load allocation, optimization gives a cost
that is 1-1% lower.

Figure 4 illustrates the boiler loads in this period, using sub-optimal and
optimal methods.

(d) The above results are summarized in Table 2.

Optimal versus Optimal versus

suboptimal equal
120 h per. - 0-8%
Low activity 0-11% 0-73%
High activity 0-299% 1-1%

Table 2. Cost reduction using optimization.

5. Comments

Since the differences are so small, and the results presented above are results of
static computations, it is difficult to draw general conclusions about the methods.
However, in our example some characteristics of the methods can be observed.

(a) The optimal algorithm
From Table 1 and eqn. (5) it can be seen that for most loads, boilers 3 and 4 are
more efficient than the two others. From this it was expected that in periods
with low total steam demand, boilers 1 and 2 would get very little load. This is
confirmed by our results. In fact, in the high activity period with low steam
demand in the beginning, boilers 1 and 2 do not get any load at all until after
about 5-5 and 11 hours, respectively.

Further we see that the optimal allocation algorithm changes the load of every
boiler almost every time the total steam demand changes. These individual load
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changes are relatively small most of the time, but since they are so frequent,
they may be significant in a real-life implementation.

(b) The sub-optimal algorithm
As this method allocates the total change in steam demand to the most cost
efficient boiler, the individual load changes are not so frequent, although they
may be large.

Under certain conditions, this turns out to be rather unfavourable, as can be
seen from Fig. 4. At the end of the high activity period, boiler 4 i turned off,
while it optimally should have approximately 707, load.

The results reported here are also consistent with the analysis and comments of §3,
in that the sub-optimal algorithm gives a loading pattern close to the optimal only
when the total demand is subject to small variations, like in the first half of the low
activity period. When a large change in steam demand occurs, the sub-optimal
algorithm tends to deviate from the minimum cost solution.

When the stcam demand varies slowly around an average value, the two methods
give almost the same allocation pattern. If the variations are like the high activity
period, the sub-optimal algorithm cannot compete with optimal allocation in our
example.

6. Conclusions

Two methods (termed optimal and sub-optimal) of on-line allocation of boiler
loads have been compared theoretically and by an application example. Questions
concerning the convergence of the ‘sub-optimal’ allocation algorithm [2] have been
discussed and illustrated by examples using the plant demand of a large Norwegian
paper mill. While both methods gave cost reductions compared to equal distribution
of the load, the optimal load allocation algorithm gave an added reduction in cost of
0-1% to 0-39 relative to the cost of using the sub-optimal algorithm, and of 0-7 to
1-1% relative to equal distribution. Due to high energy costs, even small percentages
may represent a substantial sum.

With the microcomputers of today, the optimal allocation algorithm is easily
implemented.
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