
Modeling, Identification and Control, Vol. 34, No. 1, 2013, pp. 19–33, ISSN 1890–1328

CFD Wake Modelling with a BEM Wind Turbine
Sub-Model

Anders Hallanger Ivar Øyvind Sand

CMR Instrumentation, Fantoftvegen 38, 5038 Fantoft Norway. E-mail: ahal@cmr.no

Abstract

Modelling of wind farms using computational fluid dynamics (CFD) resolving the flow field around each
wind turbine’s blades on a moving computational grid is still too costly and time consuming in terms of
computational capacity and effort. One strategy is to use sub-models for the wind turbines, and sub-grid
models for turbulence production and dissipation to model the turbulent viscosity accurately enough to
handle interaction of wakes in wind farms.

A wind turbine sub-model, based on the Blade Momentum Theory, see Hansen (2008), has been
implemented in an in-house CFD code, see Hallanger et al. (2002). The tangential and normal reaction
forces from the wind turbine blades are distributed on the control volumes (CVs) at the wind turbine rotor
location as sources in the conservation equations of momentum. The classical k − ε turbulence model of
Launder and Spalding (1972) is implemented with sub-grid turbulence (SGT) model, see Sha and Launder
(1979) and Sand and Salvesen (1994).

Steady state CFD simulations were compared with flow and turbulence measurements in the wake of
a model scale wind turbine, see Krogstad and Eriksen (2011). The simulated results compared best with
experiments when stalling (boundary layer separation on the wind turbine blades) did not occur. The
SGT model did improve turbulence level in the wake but seems to smear the wake flow structure.

It should be noted that the simulations are carried out steady state not including flow oscillations
caused by vortex shedding from tower and blades as they were in the experiments. Further improvement
of the simulated velocity defect and turbulence level seems to rely on better parameter estimation to the
SGT model, improvements to the SGT model, and possibly transient- instead of steady state simulations.
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1. Introduction

Computational fluid dynamics (CFD) codes with ad-
vanced wind turbine models included are important for
the prediction of the wind energy production when op-
timizing wind farm layout. Such codes can calculate
the velocity defect caused by the front row of wind
turbines, which reduces the wind energy potential for
the wind turbines located downwind, and the entrain-
ment of momentum into the wake, which increases the
energy production potential for downwind turbines.

1.1. Statement of the problem

Modelling of wind farms using CFD, resolving the flow
field around each wind turbine’s blade and the inter-
action of wakes is still too costly and time consuming
to be used in engineering calculations. One strategy is
to use sub-models for the wind turbines representing
them as reaction forces acting on the flow field within
the conservation equations for momentum. Depending
on the computational grid resolution and the distribu-
tion functions for these forces it may be necessary to
include sub-grid models for turbulence production and
dissipation within the governing equations for turbu-
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lence. This can be done in order to model the tur-
bulent viscosity accurately enough to handle turbulent
entrainment of momentum in wakes and their interac-
tions in wind farms.

1.2. Previous work

There are several sub-models which can be used to ap-
proximate the reaction forces from the wind turbines
acting on the flow field. A group of these sub-models
are the actuator disc models with- and without rota-
tional forces which may be uniform or distributed over
the disc, the actuator line method, and the actuator
surface model. The latter two may be most suited for
simulating unsteady flow, however the increased ac-
curacy of these methods requires more computational
resources, see Sandersee et al. (2011).

A wind turbine model for energy production, based
on the Boundary Element Method (BEM) theory, has
been implemented in Fortran, see Sand (2011). It has
recently been shown by Lu and Portè-Agel (2011), that
the BEM theory can also be used as a basis for the
actuator line method. This approach makes it possible
to model some of the unsteady flow behaviour of the
near wake flow field experienced by the downstream
wind turbines.

1.3. Scope of work

The numerical implementation of the BEM theory,
see Sand (2011), will be included as a wind turbine
sub-model in an in-house CFD code, Hallanger et al.
(2002).

The tangential and normal forces to the rotor plane,
computed by the BEM theory, will be distributed over
the control volumes (CVs) located at or close to the
rotor plane of the modelled wind turbine.

The classical k− ε turbulence model of Launder and
Spalding (1972) will be used, and sub-grid models of
turbulent kinetic energy (TKE) and its rate of dissi-
pation are implemented, see Sha and Launder (1979);
Sand and Salvesen (1994).

The simulations will be carried out steady state
and compared with experiments available in the liter-
ature. In particular, the simulations will be compared
with the experimental measurement of flow velocity
and TKE downstream (in the near wake) of a model
scale wind turbine located in the Norwegian Univer-
sity of Science and Technology (NTNU) wind tunnel,
see Krogstad and Eriksen (2011).

2. Governing Equations

Transient and stationary turbulent flows may be de-
scribed by conservation equations for the variation of
mass-weighted time-mean quantities, see Favre (1965).
Essentially these conservation equations are assumed
to have the same form as the time-averaged conser-
vation equations describing incompressible turbulent
flow. The problem is also governed by an equation
of state and by boundary and initial conditions.

2.1. Conservation equations and
turbulence model

Conservation of mass:

∂ρ

∂t
+

∂

∂xi
(ρUi) = 0 (1)

where ρ is density, U is velocity and sub-index i refers
to Cartesian space direction.

Conservation of momentum:

∂ρUi
∂t

+
∂

∂xj
(ρUjUi) = − ∂p

∂xi
+

∂

∂xj
(σij) + Fi (2)

where p is the pressure and the stress tensor σij is
defined by

σij = µeff ·
(
∂Ui
∂xj

+
∂Uj
∂xi

)
− 2

3
δij ·

(
ρk + µeff

∂Uk
∂xk

)
(3)

and F3 = −g · (ρ− ρ0) and Fi = 0 for i 6= 3. ρ0 is
the initial density.

The effective viscosity is defined by:

µeff = µ+ µt (4)

where µ and µt are the laminar and the turbulent
viscosity, respectively.

The turbulence model used is the k − ε model, see
Launder and Spalding (1972). In this model the turbu-
lent viscosity is related to the turbulent kinetic energy
k and its rate of dissipation ε by:

µt = Cµ∞ · ρ ·
k2

ε
(5)

where k and ε are governed by conservation equa-
tions.

Conservation of turbulent kinetic energy:

∂ (ρk)

∂t
+

∂

∂xj
(ρUjk) =

∂

∂xj

(
µeff
σk

∂k

∂xj

)
+

G− ρε+ Sk (6)
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where Sk is additional source terms and G is pro-
duction rate of TKE defined by:

G = σij ·
∂Ui
∂xj

(7)

Conservation rate of dissipation rate of turbulent ki-
netic energy:

∂ (ρε)

∂t
+

∂

∂xj
(ρUjε) =

∂

∂xj

(
µeff
σε

∂k

∂xj

)
+

(C1 ·G− C2 · ρε) ·
ε

k
+ Sε (8)

Conservation of specific enthalpy:

∂ (ρh)

∂t
+

∂

∂xj
(ρUjh) =

∂

∂xj

(
µeff
σh

∂h

∂xj

)
+

Dp

Dt
+ Sh (9)

σϕ for ϕ = k, ε, h is the turbulent Schmidt number
see Table 1.

Table 1: Constants appearing in the governing equations.

C1 C2 Cµ∞ σk σε σh

1.44 1.92 0.09 1.0 1.3 0.7

2.2. Solution procedure for governing
equations

The conservation and transport equations for the flow
and the turbulence parameters can all be written in
the form:

∂ (ρϕ)

∂t
+

∂

∂xj
(ρUjϕ) =

∂

∂xj

(
µeff
σϕ

∂ϕ

∂xj

)
+ Sϕ (10)

Here ϕ is the variable considered and Sϕ is the source
term of the corresponding conservation equation.

To solve these equations we use a finite volume
method, see Patankar (1980) and Ferziger and Peric
(1996). The calculation domain is divided into a dis-
crete number of CVs. All variables are stored at the
CV center (collocated variables). Equations of the gen-
eral form (10) are integrated over the CVs using inter-
polation formulas for the variation of ϕ between the
grid points. A second order scheme Van Leer (1974) is
used for the convective fluxes, a second order central
scheme is used for the diffusive fluxes. A fully implicit
formulation of the discretized equations is used. The

result is a set of algebraic equations, where each equa-
tion connects the value of a scalar variable in a point
to its neighbour values.

The algebraic equations for each CV have the form:

AϕP · ϕP =

N∑
L=1

AϕLϕL + SϕP , (11)

where sub-script P refers to the CV center, sub-
script L refers to the neighbour CV centers andN is the
number of neighbours. N = 6 for a three-dimensional
problem on a Cartesian grid. These algebraic equations
are solved together with proper boundary and initial
conditions by a matrix solver for all CVs within the
computational domain.

The velocity components computed within each time
step or iteration by solving the conservation equations
of momentum are only used as a first guess at the veloc-
ity field. The final values of the velocity components,
the density and the pressure fields are calculated using
a variational procedure known as the SIMPLE Method,
see Patankar and Spalding (1972). The conceptual idea
behind this method is given by Chorin (1968). For
details concerning an extension to compressibility, see
Hjertager (1985).

2.3. Turbulence sub-grid model

The sub-grid models for generation of TKE and its rate
of dissipation are basically taken from the flow model
in large rod bundles by Sha and Launder (1979). It is
assumed that the production rate of TKE, G, and its
rate of dissipation ε are integrated over the wake of the
wind turbine and distributed over the near field. The
additional source terms for TKE and its rate of dissi-
pation are in the distribution area set to respectively

Sk = CT ·
∥∥∥~F · ~U∞

∥∥∥ · (1− Cε) (12)

and

Sε =
ε

k
· CT ·

∥∥∥~F · ~U∞

∥∥∥ · (C1 − C2 · Cε) (13)

The coefficient CT was estimated to be CT = 0.24 ·
CD from detailed simulations of wakes downstream
cylinders, circular and quadratic, by Sand and Salvesen
(1994). Here it is assumed that the drag coefficient
CD can be replaced by the thrust coefficient (CTh)
of the wind turbine. The coefficient Cε was chosen
to be 0.05 after comparisons between test simulations
and the NTNU experiments by Krogstad and Eriksen
(2011).
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Equations (12) and (13) may need further improve-
ments and adjustments of the parameters based on de-
tailed simulations of wind turbines and experimental
data from turbines on different scales.

2.4. Wind turbine sub-model

The wind turbine model is based on the BEM theory
with the Prandtl tip speed correction and Glauerts cor-
rection of wind turbine thrust for high loading with the
modification of Buhl (2005) to avoid oscillations in the
computational procedure. In the following we outline
the equations with reference to Figure 1.

Figure 1: Loading forces from the wind acting on blade
element i, αui is angle of attack, θi is blade
element twist angle.

The trust force on each blade element is given by the
normal force component to the rotor plane

dFni =
1

2
ρ·V 2

rel,i ·(Cl,i ·cosϕi+Cd,i ·sinϕi)·ci ·dri (14)

where sub-index i refers to blade element i, Vrel to
the relative velocity (seen from the from the moving
blade element), ϕ the angle between the relative wind
(wind seen from the moving blade element) and the ro-
tor plane, c the cord length and dr radial blade element
length. Cl and Cd are respectively lift and drag coeffi-
cients for the airfoil profile used for the blade element.

The torque about the rotor axis is given by the tan-
gential force component multiplied by the elements ra-
dial position

dMi =
1

2
ρ ·V 2

rel,i · (Cl,i · sinϕi−Cd,i · cosϕi) · ri · ci · dri
(15)

where r is the radial posititon.

The relative wind is given by

Vreli = (V 2 · (1− ai)2 + (w · ri · (1 + a
′

i))
2)

1
2 (16)

and

ϕi = arctan

(
V · (1− ai)

ω · ri · (1 + a
′
i)

)
(17)

where ω is the angular velocity in rad/sec and V the
undisturbed axial velocity.

The induced non-dimensional element velocity in ax-
ial direction is given by

ai =
1

4Fi · sin2 ϕi/(σiCni
)− 1

(18)

The induced non-dimensional element rotational ve-
locity is given by

a
′

i =
1

4Fi · sinϕi · cosϕi/(σiCti)− 1
(19)

The solidity is given by

σi = ci ·NB/(2πri) (20)

where NB is the number of blades.
The normal force coefficient to the rotor plane is

given by

Cni = Cli · cosϕi + Cdi · sinϕi (21)

The tangential force coefficient to the rotor plane is
given by

Cti = Cli · sinϕi − Cdi · cosϕi (22)

The Prandtl tip loss factor is given by

Fi =
2

π
· arccos

(
exp[−NB · (R− ri)

2ri · sinϕi
]

)
(23)

The trust coefficient based on axial momentum the-
ory and modified by the tip loss factor is given by

CThi = 4ai · Fi · (1− ai) ; ai ≤ ac (24)

For high loading, based on Glauberts empirical ap-
proach, Wilson (in Spera (2009)) recommends

CThi = 4Fi[a
2
c + (1− 2ac)ai] ; ai > ac (25)

where ac ≥ 1/3.
From the balance between blade element force from

NB blades and momentum force normal the rotor plane
substituting for CThi

from Eq. (25), defining
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Kc = 4Fi · sin2 ϕi/(σiCni
) (26)

and solving the second order equation gives for high
loading the axial induction factor

ai =
1

2
[2 +Kc(1− 2ac)

−
√

(Kc(1− 2ac) + 2)2 + 4(Kca2c − 1)
]

(27)

The minus sign is chosen when aiε[ac, 1]. In the sim-
ulations ac was set to 0.4.

The axial and tangential induction factors for each
blade element are determined by iteration satisfying
a tolerance of 0.001. The algorithm uses drag and
lift coefficients from airfoil profiles as function of an-
gle of attack (αi) of the relative wind, and Reynolds
number based on cord length and relative wind, see
Sand (2011). The wind turbine blades cord length and
twist angle (θi) distributions are approximated using
the trapezoidal rule and the geometry of the wind tur-
bine blades given in Krogstad and Eriksen (2011).

The wind turbine model is structured so that in-
dividual treatment of each blade element is possible.
By doing this extension, as suggested in Moriarty and
Hansen (2005), it will be possible to capture energy
from non-uniform incoming wind fields.

3. Numerical setup

3.1. Modeling of a wind turbine wake in a
wind tunnel

The NTNU wind tunnel is simulated with the wind tur-
bine model of Krogstad and Eriksen (2011) included.

The inlet velocity is uniform with Uref = 10m/s,
an isentropic relative turbulent intensity of 0.3 % and
turbulent integral length scale of 0.005 m. The bound-
ary conditions at the walls were set to no slip. The
boundary condition at the outlet was found by extrap-
olating using the gradient and the nearest cell value for
all variables.

The maximum tip speed of the wind turbine model is
100 m/s, which is low enough to neglect Mach number
(compressibility) effects. The temperature is assumed
to be constant during the experimental recordings. In
consequence the flow field is approximately incompress-
ible, and the conservation equation for specific enthalpy
is not solved.

The reaction forces from the wind turbine sub-grid
model and the hub are included in the CFD model.
The physical blockage of the wind turbine and the re-
action force from the tower are neglected, assuming

that the modifications to the flow field from these ge-
ometries are small compared with the effect of the wind
turbine reacting forces on the flow field.

Since the simulations are carried out steady state,
axial and rotational forces from the three blades are
averaged over circumferential rings. The hub was rep-
resented with the drag force. The averaged forces from
each circumferential ring are decomposed to give the
forces acting on each CV representing the wind tur-
bine rotor location and added as source terms in the
momentum equations.

As input velocity to the momentum and turbulence
sub-routines the upstream uniform velocity is used.
This must be changed for simulation of wind parks
when turbines may be laying in the wake of upstream
turbines and the inlet velocities will vary over the rotor
plane.

3.2. Parameters used in the simulations

The wind tunnel test section is 2.71 m wide, approxi-
mately 1.81 m high and 11.5 m long.

The wind turbine rotor center is located in the mid-
dle of the wind tunnel test section 0.817 m above the
floor and 3.66 m downstream of the test section inlet.

The rotor diameter D=0.894 m. The hub has a di-
ameter d ≈ 0.09m over an axial length of 0.37 m.
The total length, including the hemispherical front
and end, is 0.46 m. The hub was represented with
a drag coefficient = 0.6, taken from Hoerner (1965),
and with the projected area in the axial direction given
byAh = π · d2/4. The 3 blades have the NREL S826
airfoil profile along the entire span. The wind turbine
blade’s twist and cord length distributions are given in
Krogstad and Eriksen (2011).

In the CFD simulations the blade’s twist angle and
cord-lengths distributions were represented in the BEM
routines with two different element resolutions. Both
data sets represented the hub by one element, and the
blade’s twist and cord-lengths by 9 elements and 18
elements in the low- and high- resolution case respec-
tively. Each blade element has equal radial length and
the trapezoidal model was used to give the correspond-
ing cord length and twist angle.

The lift and drag coefficients as function of angle
of attack and Reynolds are computed using XFOIL,
Drela and Youngren (2001). The four Reynolds num-
bers used in the CFD simulations by the BEM routines,
based on cord length and velocity seen from the blade
element, are: 40,000, 80,000, 100,000 and 200,000. The
transition amplification factor Ncrit = 3.0 is used as
recommended by Karlsen (2009). Three of these data
sets are shown in Figures 18 and 19.

The numerical grid used in the simulations is Carte-
sian. In the length direction the grid is non-uniform.
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The highest resolution is around the turbine where the
grid is uniform. Towards the inlet and outlet the grid
is stretched. In the two other directions the grid is
uniform.

To investigate the grid dependence, initial computa-
tions with a sub-grid turbulence model are carried out
using three different grid resolutions. The CV num-
ber in all three space direction are increased with 50 %
between each resolution. Between each resolution the
maximum and minimum axial velocities change less
than 0.7 % along profiles 1, 3 and 5 rotor diameters
downstream of the turbine. Since the changes in ve-
locity are small, it is decided to use the medium grid
with a resolution of 71 x 91 x 61 CVs corresponding to
respectively the length, width and height of the wind
tunnel in the simulations.

Plots of the simulations with tip speed ratio (TSR)
equal to 6 are shown in Figure 2 and in Figure 3.

Figure 2: Simulated horizontal cut through the wake
of the wind turbine model of Krogstad and
Eriksen (2011). Inlet velocity is 10 m/s, and
the tip speed ratio of the wind turbine is 6.
The position of the turbine blades is given by
a black line.

3.3. Numerical simulations

The tip speed ratio is defined as ω ·0.5 ·D/Uref . Three
TSR; 3, 6 and 10, used in the experiments given in
Krogstad and Eriksen (2011), are simulated.

The velocity defect is defined as 1−U/Uref , where U
is the time averaged velocity in the axial (x) direction
in the wind tunnel.

The turbulent kinetic energy k is related to the fluc-
tuating velocity components measured in the experi-
ments by k = 1

2 · ((u
′
x)2 + (u′

y)2 + (u′
z)

2). The overbar
denotes time average of the squared fluctuating veloc-
ity component u

′
.

In the figures comparing the simulations with ex-
periments x/D is the non-dimensional distance down-

Figure 3: Simulated rotational velocities 2D down-
stream the wind turbine model of Krogstad
and Eriksen (2011). The cut is crosswise the
wake. Inlet velocity is 10 m/s, and the tip
speed ratio of the wind turbine is 6. Maxi-
mum rotational velocity is 1.27 m/s. The ve-
locities are proportional to the vector length.

stream of the wind turbine rotor plane, r/R is the non-
dimensional cross-stream distance from the rotor cen-
tre, R = D/2. The coordinate system is right handed.

Simulations are carried out both with and without
the turbulence sub-grid model. The measured and sim-
ulated velocity defect and TKE for TSR=3 are shown
in Figure 4 to Figure 7. Corresponding results for
TSR=6 and TSR= 10 are shown respectively in Fig-
ure 8 to Figure 11 and in Figure 12 to Figure 15.

The power and thrust coefficients generated by the
BEM theory are given in Figure 16 and Figure 17 where
they are compared with experimental values given in
Krogstad and Lund (2012).

Airfoil data used in the simulations are given in Fig-
ure 18 and Figure 19.

4. Discussion of simulation results

The simulations cover three tip speed ratios, 3, 6 and
10. The data shown are the velocity defect and the
TKE visualized cross-wise of the wake 1D, 3D and 5D
downstream of the wind turbine rotor plane. The sim-
ulations are compared with experiments carried out by
Krogstad and Eriksen (2011).

4.1. Velocity defect for TSR=3

For TSR=3, the simulations do not agree well with the
experiments regarding the velocity defect, see Figure 4.
For this low TSR which is half of the optimal design
TSR of the model wind turbine, see Krogstad and Lund
(2012), the boundary layer on the blades separates and
stalling occurs, decreasing the ratio between lift and
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Figure 4: Simulated Velocity Defect in Wake Flow
Without Sub-grid Turbulence, Rotation
included, Horizontal Plot, BEM Method,
Gaussian Force Distribution Function,
NREL S826 foil, TSR=3, Uref=10 m/s,
D=0.9 m, Experiments Krogstad and
Eriksen (2011)

Figure 5: Simulated Velocity Defect in Wake Flow
With Sub-grid Turbulence, Rotation in-
cluded, Horizontal Plot, BEM Method,
Gaussian Force Distribution Function,
NREL S826 foil, TSR=3, Uref=10 m/s,
D=0.9 m, Experiments Krogstad and
Eriksen (2011)

Figure 6: Simulated TKE in Wake Flow Without
Sub-grid Rotation included, Horizontal Plot,
BEM Method, Gaussian Force Distribution
Function, NREL S826 foil, TSR=3, Uref=10
m/s, D=0.9 m, Experiments Krogstad and
Eriksen (2011)

Figure 7: Simulated TKE in Wake Flow With Sub-grid
Rotation included, Horizontal Plot, BEM
Method, Gaussian Force Distribution Func-
tion, NREL S826 foil, TSR=3, Uref=10 m/s,
D=0.9 m, Experiments Krogstad and Erik-
sen (2011)
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Figure 8: Simulated Wake Flow Without Sub-grid
Turbulence, Rotation Included, Horizon-
tal Plot, BEM Method, Gaussian Force
Distribution Function, NREL S826 foil,
TSR=6, Uref=10 m/s, D=0.9 m, Experi-
ments Krogstad and Eriksen (2011).

Figure 9: Simulated Wake Flow With Sub-grid Tur-
bulence, Rotation Included, Horizontal Plot,
BEM Method, Gaussian Force Distribution
Function, NREL S826 foil, TSR=6, Uref=10
m/s, D=0.9 m, Experiments Krogstad and
Eriksen (2011).

Figure 10: Simulated TKE Without Sub-grid Turbu-
lence, Rotation Included, Horizontal Plot,
BEM Method, Gaussian Force Distribu-
tion Function, NREL S826 foil, TSR=6,
Uref=10 m/s, D=0.9 m, Experiments
Krogstad and Eriksen (2011).

Figure 11: Simulated TKE With Sub-grid Turbulence,
Rotation Included, Horizontal Plot, BEM
Method, Gaussian Force Distribution Func-
tion, NREL S826 foil, TSR=6, Uref=10
m/s, D=0.9 m, Experiments Krogstad and
Eriksen (2011).
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Figure 12: Simulated Wake Flow Without Sub-grid
Turbulence, Rotation Included, Horizon-
tal Plot, BEM Method, Gaussian Force
Distribution Function, NREL S826 foil,
TSR=10, Uref=10 m/s, D=0.9 m, Exper-
iments Krogstad and Eriksen (2011).

Figure 13: Simulated Wake Flow With Sub-grid Tur-
bulence, Rotation Included, Horizontal
Plot, BEM Method, Gaussian Force Distri-
bution Function, NREL S826 foil, TSR=10,
Uref=10 m/s, D=0.9 m, Experiments
Krogstad and Eriksen (2011).

Figure 14: Simulated Wake Flow Without Sub-grid
Turbulence, Rotation Included, Horizon-
tal Plot, BEM Method, Gaussian Force
Distribution Function, NREL S826 foil,
TSR=10, Uref=10 m/s, D=0.9 m, Exper-
iments Krogstad and Eriksen (2011).

Figure 15: Simulated Wake Flow With Sub-grid Tur-
bulence, Rotation Included, Horizontal
Plot, BEM Method, Gaussian Force Distri-
bution Function, NREL S826 foil, TSR=10
, Uref=10 m/s, D=0.9 m, Experiments
Krogstad and Eriksen (2011).
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drag. Taking out the angle of attack from the BEM
procedure used for the given inlet velocity (10 m/s) and
relative turbulence intensity 0.3% the angles of attack
for the 18 elements used are all, with exception of the
tip element, in the stall range, see α(ii) in Table 2 and
airfoil data in Figure 18 and Figure 19.

A stall model is not included in the simulations. It
is therefore expected that the drag coefficients from
the blade are not representative and should have been
higher. The deviation of the velocity defect is largest in
the center region, indicating that the drag coefficients
for about half of the center elements should have been
higher, see Table 2, where Cd(ii) is limited by the value
0.251 given at attack angle 20o.

The lower drag coefficient does also affect the power
coefficient (Cp) distribution in the lower TSR range
from 3 and down to 1 (see Figure 16, and the thrust
coefficient (CTh) distribution (Figure 17). An improve-
ment may be possible by expanding the data sets for
drag and lift as function of Reynolds number and at-
tack angle to cover a range up to possibly 30o.

In Figure 5 the sub-grid contributions Sk and Sε
are added respectively to the generation of TKE and
its rate of dissipation. The maximum center values
of the velocity defect decrease further, however at the
shoulders of the distribution. i.e. closer to the end of
the turbine blades the agreement with the experiments
is improved.

4.2. Turbulent kinetic energy for TSR=3

The TKE in the wake for TSR=3 is given in Figure 6.
The simulated k is much lower than the experimental
values of Krogstad and Eriksen (2011). When the sub-
grid contributions Sk and Sε are added respectively
to the generation of TKE and its rate of dissipation,
the results improve, see Figure 7. However the center
values of the distribution in the wake are still low.

The numerical simulations are carried out steady
state. As a consequence the vortex shedding from the
tower and the helical vortex wake shed by the three
blades will in the simulations not give an oscillating
contribution to the flow field as the vortex structures
would in the experiments as they were convected down-
stream past the measurement positions. In the exper-
iments these vortex induced velocity oscillations were
included in the instantaneous velocity measurements
and will therefore contribute to the TKE when aver-
aged over time. It is therefore reasonable to expect
large differences between measured TKE and simulated
turbulent kinetic energy by steady state methods.

4.3. Velocity defect for TSR=6

For TSR=6, the simulations agree well with the exper-
iments regarding the velocity defect, see Figure 8. The
best result is obtained 3D downwind of the rotor plane
were the results fit very well and have the same max-
imum value as the experiments. At 1D the velocity
defect deviates much in the center of the wake were it
is too low. This may be a consequence of not includ-
ing the wind turbine tower in the simulations since the
tower generates a wake on its own.

The TSR=6 is the design TSR of the wind turbine
blades, see Krogstad and Lund (2012), and for the wind
speed 10 m/s the wind turbine model is operating be-
low or at rated speed. In this case the boundary layer
on each blade stays attached to the blade.

In the CFD simulations the angles of attack of the
flow field, seen from the blade elements at conver-
gence of the induced velocities, are given in Table 3.
The corresponding lift and drag coefficients are all well
within the Reynolds number range chosen for the air-
foil data. All the attack angles for the blade elements
are much smaller than the approximately 14 degrees
where stalling starts to develop with decreasing lift co-
efficient and increasing drag coefficient as function of
further increase in the angle of attack.

From Figure 16 and Figure 17 we see that both the
power coefficient Cp and the thrust coefficient CTh
agree very well with the value measured by Krogstad
and Lund (2012) for TSR=6. It should be noted that
blockage effect of the flow field caused by the turbine
standing in the wind tunnel test section is not included
in the BEM method used here to generate the results
given in Figure 16 and Figure 17 and in Table 3, how-
ever the thrust axially will affect the flow field in the
CFD simulations, so blockage is partly taken into con-
sideration in the CFD simulations.

In Figure 9 the sub-grid contributions Sk and Sε are
added respectively to the generation of TKE and its
rate of dissipation. The maximum center values of the
velocity defect increase in this case. However, all the
velocity defects seem to become approximately of the
form of the velocity defect at 5D. This indicates that
the sub-grid contribution to the turbulent viscosity is
too large.

4.4. Turbulent kinetic energy TSR=6

The TKE in the wake for TSR=6 is given in Figure 10.
The simulated k is much lower than the experimental
values of Krogstad and Eriksen (2011) at 1D down-
wind of the rotor plane. At 3D and 5D the results are
better but still far off. When the sub-grid contribu-
tions for Sk and Sε are added the results improve, see
Figure 11. TKE at 1D downwind is now equal to the
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Table 2: Parameters used within the CFD code by the blade elements, Uref = 10m/s and TSR=3, generated blade
element force dFn(ii) and blade element torque dM(ii) both from one blade.

ii α [deg] Re(ii) Cl(ii) Cd(ii) dFn(ii) [N] dM(ii) [Nm]

2 23.24 36023 1.1800 0.2510 0.05935 0.003858
3 18.66 57862 1.1860 0.2510 0.11344 0.008059
4 20.28 58902 1.1900 0.2510 0.13644 0.010110
5 20.94 58792 1.1900 0.2510 0.15484 0.012054
6 20.88 58193 1.1900 0.2510 0.17244 0.013676
7 20.31 57494 1.1900 0.2510 0.18978 0.015049
8 19.86 56810 1.1880 0.2470 0.20662 0.016267
9 19.36 56230 1.1870 0.2340 0.22253 0.017626
10 18.67 55751 1.1830 0.2160 0.23789 0.019164
11 18.02 55345 1.1790 0.1996 0.25336 0.020712
12 17.47 54995 1.1930 0.1832 0.27259 0.022780
13 16.85 54707 1.2100 0.1643 0.29289 0.025261
14 16.25 54454 1.2260 0.1463 0.31367 0.027828
15 15.73 54234 1.2363 0.1330 0.33404 0.029993
16 15.26 54046 1.2427 0.1241 0.35405 0.031650
17 14.76 53836 1.2490 0.1144 0.37414 0.032989
18 14.28 53621 1.2556 0.1049 0.39433 0.033210
19 12.89 53166 1.2560 0.0840 0.41027 0.027868

Table 3: Parameters used within the CFD code by the blade elements, Uref = 10m/s and TSR=6, generated blade
element force dFn(ii) and blade element torque dM(ii) both from one blade.

ii α [deg] Re(ii) Cl(ii) Cd(ii) dFn(ii) [N] dM(ii) [Nm]

2 5.8270 43144 1.0297 0.03530 0.0827 0.00415
3 1.2860 76681 0.7169 0.02008 0.1334 0.00691
4 1.1405 84267 0.7198 0.01870 0.1817 0.00957
5 1.2277 89310 0.7366 0.01827 0.2354 0.01233
6 1.3562 92816 0.7562 0.01797 0.2925 0.01514
7 1.4382 95312 0.7689 0.01775 0.3487 0.01786
8 1.6599 97070 0.7968 0.01767 0.4142 0.02071
9 1.9009 98383 0.8263 0.01763 0.4840 0.02354
10 2.0494 99404 0.8444 0.01761 0.5500 0.02614
11 2.2061 100207 0.8624 0.01765 0.6182 0.02864
12 2.4190 100843 0.8860 0.01777 0.6930 0.03113
13 2.5572 101352 0.9014 0.01785 0.7637 0.03326
14 2.6898 101761 0.9161 0.01793 0.8355 0.03508
15 2.8024 102095 0.9285 0.01800 0.9070 0.03636
16 2.8516 102375 0.9304 0.01802 0.9726 0.03624
17 2.8391 102552 0.9326 0.01801 1.0306 0.03426
18 2.7895 102680 0.9273 0.01796 1.0835 0.02852
19 2.7434 102590 0.9222 0.01794 1.1321 0.01184
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experimental values at 5D. However the center values
of the distribution in the wake are still low. See also
the corresponding section for TSR=3 to the effect of
vortex shedding.

4.5. Velocity defect for TSR=10

For TSR=10, the simulations agree well with the ex-
periments regarding the velocity defect, see Figure 12.
The best result is obtained 3D downwind the rotor
plane were the simulated defect fit very well. At 1D
the velocity defect agrees surprisingly well with the ex-
periments at the center values, and even with the shape
of the experimental velocity defect. However the peak
value of the velocity defect at the position 0.5D cross-
wise is approximately 10% lower than the experiments.
This seems to be in agreement with the thrust coeffi-
cient CTh, see Figure 17 for TSR=10.

At 5D the maximum size of the velocity defect is
similar to the experiments, but the crosswise mixing of
flow is less than in the experiments, since the negative
local torque dM(ii) in the center for ii=3 and 4, see
Table 4 which generates the low value of the velocity
defect for 1D and 3D has not disappeared at 5D in
contrast to the experiments.

In the CFD simulations the angles of attack of the
flow field, seen from the blade elements at convergence
of the induced velocities, are given in Table 4. The cor-
responding lift and drag coefficients are all well within
the Reynolds number range chosen for the airfoil data.
All the attack angles for the blade elements are much
smaller than the approximately 14o were stalling starts
to develop with decreasing lift coefficient and increas-
ing drag coefficient with further increase in the angle
of attack.

The TSR=10 is not the design TSR of the wind tur-
bine blades, see Krogstad and Eriksen (2011), and for
the wind speed 10 m/s the wind turbine model is oper-
ating below or at rated speed. However the high TSR
gives a very high loading on the turbine blade and the
induced axial velocities are close to 1 giving local thrust
coefficients close to 1.44. How well the airfoil data fits
in this case, where parts of the blades lose angular mo-
mentum to the flow field while other parts of the blades
catch angular momentum from the flow field, is uncer-
tain. One might expect that the opposite circulation
sign of neighbour elements will generate additional tur-
bulence.

In Figure 13 the sub-grid contributions Sk and Sε
are added respectively to the generation of TKE and
its rate of dissipation. The maximum center values of
the velocity defect increases in this case at all wake po-
sitions (1D, 3D and 5D). However all the defects seem
to become approximately of the form of the defect at
5D. Further sideways all the velocity defects decrease.

We conclude that the sub-grid contribution to the tur-
bulent viscosity is too large.

4.6. Turbulent kinetic energy TSR=10

The TKE in the wake for TSR=10 is given in Fig-
ure 14. The simulated TKE is much lower than the
experimental values of Krogstad and Eriksen (2011).
When the sub-grid contributions Sk and Sε are added
respectively to the generation of turbulent kinetic en-
ergy and its rate of dissipation the results improve, see
Figure 15. However the center values of the distribu-
tion in the wake are still low. See also the correspond-
ing section for TSR=3 to the effect of vortex shedding.

5. Conclusions and
Recommendations

A numerical implementation of the generalized Blade
Element Momentum (BEM) theory in Fortran, see
Sand (2011), has been included as a wind turbine
sub-model in an in-house CFD code, Hallanger et al.
(2002).

The tangential and normal forces to the rotor plane
acting on the wind turbine blades are computed by the
BEM theory. These forces are distributed as reaction
forces acting on the CVs located at the rotor plane of
the wind turbine modelled, i.e. added as sources in the
conservation equations of momentum at this location.

Steady state CFD simulations, with the wind tur-
bine sub-model included, were compared with flow and
turbulence measurements carried out in the wake of a
model scale wind turbine located in the NTNU wind
tunnel, see Krogstad and Eriksen (2011).

The velocity defect simulated without including sub-
grid models of the source terms in the k and ε equations
compares well with the experiments of Krogstad and
Eriksen (2011), the exception being for TSR=3 where
stalling occurs because of high angle of attack. The
airfoil data for drag and lift used in the BEM proce-
dure did not cover this case properly. The simulations
for this case (TSR=3) should be repeated with better
suited airfoil data (expended to cover attack angle up
to possibly 30o). The velocity defect, simulated when
sub-grid models are included in the source terms of the
k and ε equations, compares less well with the exper-
iments. The increased turbulence viscosity caused by
the sub-grid model seems to smear the velocity defect
distribution indicating that the parameters in the sub-
grid model need adjustment through comparison with
results from detailed simulations of the wind turbine
and its wake.

The TKE simulated without including sub-grid mod-
els of the source terms in the k and ε equations does
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Table 4: Parameters used within the CFD code by the blade elements, Uref = 10m/s and TSR=10, generated blade
element force dFn(ii) and blade element torque dM(ii) both from one blade.

ii α [deg] Re(ii) Cl(ii) Cd(ii) dFn(ii) [N] dM(ii) [Nm]

2 -1.8161 56019 0.23810 0.02542 0.03762 0.00122
3 -4.3780 107688 0.03040 0.01925 0.01579 -0.00007
4 -4.4121 124427 0.04238 0.01839 0.02867 -0.000003
5 -4.1995 136403 0.08664 0.01697 0.07074 0.00121
6 -3.9132 144785 0.13732 0.01580 0.13624 0.00316
7 -3.6659 150809 0.17642 0.01533 0.20799 0.00502
8 -3.3019 155251 0.22873 0.01488 0.31241 0.00759
9 -2.9517 158566 0.27755 0.01450 0.43097 0.01000
10 -2.7145 161061 0.31049 0.01424 0.53984 0.01156
11 -2.4981 163049 0.34012 0.01401 0.65434 0.01261
12 -2.3098 164561 0.36559 0.01383 0.77024 0.01259
13 -2.2006 165888 0.38059 0.01371 0.87179 0.01144
14 -2.0612 166848 0.39918 0.01359 0.98649 0.00986
15 -1.9007 167655 0.41905 0.01353 1.11103 0.00754
16 -1.7137 168356 0.44109 0.01353 1.24858 0.00415
17 -1.4974 168783 0.46635 0.01354 1.40140 -0.00066
18 -1.1447 168778 0.50712 0.01362 1.60455 -0.00868
19 0.3120 152409 0.66768 0.01463 1.80605 -0.01669

not compare well with experiments of Krogstad and
Eriksen (2011) and is far too low. The TKE, simu-
lated when sub-grid models are included in the source
terms of the k and ε equations, compares much bet-
ter with the experimental data than without sub-grid
models. However the simulated TKE is still low.

It should be noted that the simulations were carried
out steady state so flow oscillations caused by vortex
shedding from tower and blades are not included in the
simulated TKE as they were in the experiments.

Further improvement of the simulated velocity de-
fect and the TKE seem to rely on: detailed simula-
tions of the wind turbine in order to estimate better
parameters in the sub-grid models, an improved sub-
grid model, and possibly transient- instead of steady
state simulations.

It should be noted that blockage effect of the flow
field caused by the turbine standing in the wind tunnel
test section is not included in the BEM method used
here to generate the results given in Figure 16 and Fig-
ure 17. In general for an object in a channel there is a
contribution to the blockage from the object, the wake
of the object and from the boundary layer along the
channel walls. In consequence the blockage will act as
if the flow velocity were higher at the inlet of the wind
tunnel test section than measured, in particular when
the tip speed ratio is large enough to generate high
thrust coefficient Rae and Pope (1984). However the
thrust axially will affect the flow field in the CFD sim-
ulations, so blockage is partly taken into consideration

in the CFD simulations.
The TSR=10 is not the design TSR of the wind tur-

bine blades Krogstad and Lund (2012), and for the
wind speed 10 m/s the wind turbine model is operat-
ing below or at rated speed. However the high TSR
give a very high loading on the turbine blades and the
induced axial velocities are close to 1 giving local thrust
coefficients close to 1.44. How well the airfoil data fits
in this case, where parts of the blades loses angular
momentum to the flow field while other parts of the
blades catches angular momentum from the flow field,
is uncertain. One might expect that the opposite cir-
culation sign of neighbour elements will generate addi-
tional turbulence, see Table 4, Figure 16 and Figure 17.
It may be possible that XFOIL, which is used to gen-
erate the airfoil lift and drag data, is not including this
rotational effect.

CFD codes with advanced wind turbine models in-
cluded are important for the prediction of the wind
energy potential when optimizing wind farm layout.
The latest version of the wind turbine model includes
a yaw model. This functionality may be an advantage
for reducing wind stress on wind turbines downstream
the first wind turbine line.
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A. Power and Thrust of Wind
Turbine from Airfoil Data

A.1. Power and thrust coefficients of wind
turbine

The power coefficient of the wind turbine model is de-
fined as

Cp = 2P/(ρ · U3
ref · π ·D2/4) (28)

where the power is P = ω ·M and M is the torque
summed over all blade elements on all blades, about
the rotor axis. The torque from one blade element is
given by Eq. (15). The power coefficient as a function
of TSR is given in Figure 16.

The thrust coefficient of the wind turbine model is
defined as

CTh = 2Fn/(ρ · U2
ref · π ·D2/4) (29)

where Fn is the normal component of the wind force
summed over all blade elements on all blades. The nor-
mal force from one blade element is given by Eq. (14).
The trust coefficient as a function of TSR is given in
Figure 17.

Figure 16: Simulated Power Coefficient as Function of
TSR using the BEM Procedure Compared
with Experiments, Krogstad and Eriksen
(2011). NREL-S826 Airfoil Profile, U=10
m/s.

A.2. Lift and drag coefficients used in the
simulations

The lift and drag coefficients are given as functions of
angle of attack and Reynolds number in respectively
Figure 18 and Figure 19. The drag force D is the force
from the wind acting on the foil in the direction of Vrel.
The lift force is normal to Vrel, see Figure 1.

Figure 17: A Simulated Thrust Coefficient as Func-
tion of TSR using the BEM Procedure
Compared with Experiments, Krogstad and
Eriksen (2011). NREL-S826 Airfoil Profile,
U=10 m/s.

Figure 18: Lift coefficients of the NREL-S826 airfoil as
function of attack angle and Reynolds num-
ber. Ncrit = 3.0.

Figure 19: Drag coefficient of the NREL-S826 airfoil as
function of attack angle and Reynolds num-
ber. Ncrit = 3.0.
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