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Abstract

Human arm motion can inspire the trajectory planning of anthropomorphic robotic arms to achieve energy-
efficient movements. An approach for predicting metabolic cost in the planar human arm motion by
means of the biomechanical simulation is proposed in this work. Two biomechanical models, including an
analytical model and a musculoskeletal model, are developed to implement the proposed approach. The
analytical model is developed by modifying a human muscle expenditure model, in which the muscles are
grouped as torque providers for computation efficiency. In the musculoskeletal model, the predication of
metabolic cost is conducted on the basis of individual muscles. With the proposed approach, metabolic
costs for parameterized target-reaching arm motions are calculated and utilized to identify optimal arm
trajectories.
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1 Introduction

A human arm has seven dof (degrees-of-freedom) upon
basic definition, three in the shoulder, two in the elbow,
and two in the wrist. The redundancy in the arm dof
implies infinite possible trajectories for a given move-
ment task. For instance, when we pick up a bottle of
water, there are a great number of trajectories that the
arm can follow. With the hand located at a fixed point,
the arm can also have different orientations.

The mechanism behind the selection of the pre-
dictable trajectory has been the subject of study over
the years. The kinematic analysis (Flash and Hogan,
1985; Atkeson and Hollerbach, 1985) revealed some in-
teresting kinematic features of arm motions, but could
not explain the planning mechanism for the activa-
tion of the individual muscle. One effective approach
to study the planning mechanism is to examine the
mechanical and physiological properties of a muscle,
and to investigate the behaviour of individual mus-

cles in human arm trajectories (Kashima et al., 2002;
Fagg et al., 2002; Georgopoulos et al., 1986). Exper-
imental data on multi-joint human arm trajectories
obtained from restricted horizontal planar movements
have shown that human point-to-point arm motion
trajectories have bell-shaped velocity profiles (Abend
et al., 1982; Morasso, 1981). Efforts were made to
explain the observed trajectories as solutions to op-
timization problems. Optimization criteria have been
proposed including minimum jerk theory (Flash and
Hogan, 1985), minimum travel cost theory (Rosen-
baum et al., 1995), minimum isometric torque deriva-
tive (Kashima and Isurugi, 1998), and averaged specific
power (Secco et al., 2005). The criteria used in the opti-
mal trajectory study include also the minimum energy
cost hypothesis for human arm trajectories presented
and tested by Alexander (1997), among others.

This paper reports our study of human arm in pla-
nar motion. Our study focuses on the metabolic energy
costs in human arm motions. Two human arm models,
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one analytical and one musculoskeletal, are proposed
within our study. In the analytical model, the arm
is represented by a 2-dof linkage driven by 4 torque
providers (groups of muscles). The muscle metabolism
model is modified from a human muscle energy ex-
penditure model proposed by Umberger et al. (2003).
The musculoskeletal model is built in the AnyBodyTM

Modeling System (AnyBody, 2010). Both models are
applied to planar arm motion in reaching a group of
four targets. For each pair of target points, metabolic
energy costs associated to parameterized arm trajec-
tories are simulated and analyzed, from which the op-
timal arm trajectory for each pair of target points is
further identified. The developed models are compared
with a model reported in (Alexander, 1997). The ana-
lytical model is efficient in calculating energy consump-
tions and predicting optimal trajectories.

2 Model of metabolic cost in arm
motion

2.1 Model of arm

A simplified arm model is shown in Fig. 1. Confined
to planar motion, this arm has only two dof, with the
shoulder joint situated at the origin of the coordinate
system. The parameters of the arm model are mea-
sured or taken from (Winter, 2009), as listed in Table 1.
Four target points P1, P2, P3 and P4 in Fig. 1 are spec-
ified, with their coordinates (in meter) being (0, 0.2),
(0, 0.5), (-0.2, 0.3) and (0.2, 0.3), respectively. Out of
these four points, four pairs of starting-end points are
established to generate trajectories for arm motions.
The combinations of the pairs of points are organized in
eight groups, as listed in Table 2, with the arrow indi-
cating the trajectory direction from the starting point
to the ending point. Movements between two points
from Groups A1 to D1 indicate forward human arm
motions, while those from Groups A2 to D2 indicate
backward motions.

Table 1: Parameters of the human arm model.
Parameter Value Unit Note

m1 2.0 kg upper arm mass
m2 1.1 kg lower arm mass
m3 0.4 kg hand mass
I1 0.021 kg ·m2 upper arm moment of inertia
I2 0.007 kg ·m2 lower arm moment of inertia
l1 0.29 m upper arm length
l2 0.23 m lower arm length

l1c 0.14 m
distance from centre of mass
to shoulder joint

l2c 0.11 m
distance from centre of mass
to shoulder joint
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Figure 1: A simplified human arm model.

Table 2: Combinations of the target points.

Group A1 Group B1 Group C1 Group D1
P1 → P2 P3 → P2 P4 → P2 P3 → P4

Group A2 Group B2 Group C2 Group D2
P2 → P1 P2 → P3 P2 → P4 P4 → P3

In this arm model, four pieces of torque providers
are defined, as shown in Fig. 1. The torque providers,
numbered from 1 to 4, stand for the shoulder flexor,
the elbow flexor, the shoulder extensor, and the elbow
extensor, respectively.

It is assumed that the torque providers inherit the
biomechanical properties of individual muscles. Their
models can thus be developed by extending the ex-
isting muscle models with modifications. The torque
providers defined in this study adopt the Hill-type
(Hill, 1938) muscle model, with parameters listed in
Table 3, where the optimal fiber length Lopt of a torque
provider comes from Holzbaur et al. (2005), while the
maximum strength-moment Mmax exerted on a joint
by a torque provider is taken from Chaffin et al. (2006).

2.2 Model of metabolic costs

The modeling of muscle metabolic costs is modified
from the model of the human muscle energy expendi-
ture proposed by Umberger et al. (2003). Let Ė (in
Watt/kg) be the total energy expenditure rate of a
single muscle. It can be expressed as

Ė = ḣa + ḣm + ḣsl + ẇce (1)
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Table 3: Parameters of the torque providers.

Torque Lopt
a Mmax

b

Provider No. [cm] [Nm]
]1 16.2 92
]2 17.3 77
]3 27.9 67
]4 13.4 46

a Optimal fiber length from Holzbaur
et al. (2005)

b Muscle strength moment from

Chaffin et al. (2006)

where ḣa is the muscle activation heat rate, ḣm
is the maintenance heat rate, ḣsl is the shorten-
ing/lengthening heat rate and ẇce is the mechanical
power.

In this work, the muscle energy rate Ė is transformed
into torque provider power P (in Watt) as a function of
the joint moment and angular velocity, where both the
shortening/lengthening heat rate and the mechanical
power are included. Assuming that the length of a
torque provider can never exceed Lopt, the metabolic
power of a torque provider becomes

P = −Misoω +Gs
ρ

σ

Mmax

Lopt
ω (2)

where the first term stands for the mechanical power
and the second one stands for the heat rate due to
shortening/lengthening. In Eq. (2), Miso is the mo-
ment exerted on a joint by the muscle isometric force,
and ω is the joint angular velocity. Moreover, σ is a
specific tension, which takes a value of 0.25MPa, as
recommended by Umberger et al. The muscle density
for mammalian muscle is ρ = 1059.7 kg ·m−3 (Mendez
and Keys, 1960).

The coefficient Gs (in N/kg ) of Eq. (2) is a factor
of the muscle shortening/lengthening heat rate (Um-
berger et al., 2003), which depends on the percentage
of fast twitch fibres (FT), and the shortening or length-
ening of the muscle. When a muscle is shortening, the
factor is calculated by

Gs = 0.0323×%FT − 8.33 (3)

As an example, when a muscle with 50% fast twitch
fibres is shortening, Gs = −6.72N/kg; and when
the muscle is lengthening, it takes the value Gs =
33.3N/kg.

The isometric moment Miso is the moment exerted
by the muscle. This moment can be obtained by modi-
fying the mechanical joint moment with respect to the
angular velocities of joints (Leeuwen, 1991). The iso-

metric moment Miso can be calculated as

Miso =


M(1+Krω)

1−rω
for shortening

M(1−7.56Krω)
1−0.8rω−13.6Krω

for lengthening

(4)

where rω = ω/ωmax with ωmax being the angular ve-
locity corresponding to the maximum shortening speed
of a muscle. ωmax is set as 22 rad/s for flexor, and
28 rad/s for extensor, according to Winters and Stark
(1985). The constant K depends on the muscle fibre
type. Consequently, the metabolic power of a muscle
becomes a function of joint angular velocity ω and joint
moment M .

The joint mechanical moment can be calculated for
shoulder and elbow joints, separately. In planar mo-
tion, the moment at the shoulder joint, Ms, is calcu-
lated as

Ms = x1m1ÿ1 + x2m2ÿ2 + x3m3ÿ3

− y1m1ẍ1 − y2m2ẍ2 − y3m3ẍ3

+ I1ω̇1 + I2 (ω̇1 + ω̇2) (5)

where (x1, y1), (x2, y2), and (x3, y3) specify the cen-
tres of mass of the upper arm, the lower arm, and the
hand, respectively. The angular accelerations of the
shoulder joint and the elbow joint are ω̇1 and ω̇2, re-
spectively.

Likewise, the moment at the elbow joint, Me, is given
as

Me = (x2 − xe)m2ÿ2 + (x3 − xe)m3ÿ3

− (y2 − ye)m2ẍ2 − (y3 − ye)m3ẍ3

+ I2 (ω̇1 + ω̇2) (6)

where (xe, ye) are the coordinates of the elbow joint.

2.3 Parameterized arm motion

To describe all the possible arm motions, a Fourier se-
ries of joint angular velocities is considered

ω = a1 sin

(
πt

T

)
+ a2 sin

(
2πt

T

)
+ a3 sin

(
3πt

T

)
+ · · ·

(7)
where a1, a2, and a3 are coefficients, T is the duration
of the motion. Since the angular velocity has to be zero
at t = 0 and t = T , only sine terms are included in this
Fourier series form.

In our study, we use the first two sine terms of
Fourier series to approximate angular velocity. Assum-
ing θ0 and θT be the angles of a certain joint at the
t = 0 and t = T , the angular velocity can be expressed
with two-term Fourier series as

ω =
π

T

[
θT − θ0

2
sin

(
πt

T

)
+D sin

(
2πt

T

)]
(8)
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where D is the deviation of a certain joint angle, follow-
ing Alexander’s definition (Alexander, 1997). Hereby,
Ds denotes the shoulder angle deviation, and De the
elbow angle deviation.

By changing the angle deviation factor D for both
shoulder and elbow joints, different trajectories be-
tween the same pair of target points can be generated.
Integrating both sides of Eq. (8), leads to

θ =
θT − θ0

2

[
1− cos

(
πt

T

)]
+
D

2

[
1− cos

(
2πt

T

)]
+θ0

(9)
The angle of the shoulder θ1 can vary from −45◦ to
150◦, and the angle of the elbow θ2 can vary from 0◦

to 150◦.
The joint angular acceleration is obtained by differ-

entiating Eq. (8)

ω̇ =
( π
T

)2
[
θT − θ0

2
cos

(
πt

T

)
+ 2D cos

(
2πt

T

)]
(10)

3 Musculoskeletal model

The torque providers used in the analytical model of
the arm motion in Sec. 2 represent groups of muscles.
It is desirable to extend the study to individual mus-
cles and investigate the behavior of the muscles at the
musculoskeletal level. To this end, we developed an-
other model by taking advantage of a state-of-the-art
biomechanical modeling system, namely, the AnyBody
Modeling System (AnyBody, 2010).

A musculoskeletal right arm model was built in the
AnyBodyTM Modeling System, as shown in Fig. 2. The
whole musculoskeletal model is comprised of 39 joints
and 134 muscles. The model is derived from the repos-
itory models in AnyBody and each muscle unit is mod-
eled using a three element Hill-type muscle model. In
this study, as the model arm is confined to planar mo-
tion, only glenohumeral flexion joint and elbow flex-
ion joint of the arm are free to move, and the others
are constrained. In addition to the AnyBody model, a
MatLab program was developed to control the changes
of the parameters and trajectories.

For human analytical musculoskeletal models, Hill-
type muscle models are almost exclusively used. Hill-
type muscle models consist of a contractile element
(CE) that generates force and represents the muscle
fibers, and a passive element (PE) in parallel with
CE, and the above two modeling in series with a se-
rial elastic element (T), as depicted in Fig. 3.

In the AnyBody modeling system, the mechanical
power of an individual muscle-tendon unit is calculated
by

Pmech = fT vMT = fT l̇MT (11)

Figure 2: A human musculoskeletal model built with
the AnyBody Modeling System.

The prediction of metabolic power is based on the
efficiency of the contractile element in AnyBody as

Pm =
Pmech

µ
,

{
µ = 0.25 for shortening
µ = −1.2 for lengthening

(12)

4 The Alexander’s model
(reference model)

We compared our models with a model reported by
Alexander (1997), which is introduced briefly. The
method of calculating metabolic power in Alexander’s
model made use of the work of Ma and Zahalak (1991).
The metabolic power of a uniarticular muscle is given
by

Pref = MisoωmaxΦ(rω) (13)

where Miso, ωmax and rω follow the definitions in
Eq. (4). The data fit function Φ was adopted from
Ma and Zahalak’s work, with the form as

Φ(rω) =

{
0.23− 0.16 exp(−8rω) ω ≥ 0
0.01− 0.11rω + 0.06 exp(23rω) ω < 0

(14)

The Alexander’s model consists of two antagonistic
pairs of muscles to drive the arm. At any time, only one
muscle of each pair is active. The Alexander’s model
uses mechanical power scaled by a function Φ as the
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Figure 3: Hill-type muscle model consisting of three el-
ements with parallel-series arrangement.

main source of metabolic power for an individual mus-
cle. While only two muscles are considered to be ac-
tive, the reference model underestimates the metabolic
power of human arm motion. In contrary, the analy-
tical model we propose includes mechanical power and
muscle shortening/lengthening heat together as the
metabolic power. The analytical model utilizes torque
providers working as muscle groups instead of only four
muscles in the reference model. Our anatomical mus-
culoskeletal model consists of 134 muscles, which is an
extremely detailed model of the human arm.

5 Simulation routine

When running simulation with the analytical arm
model, only one torque provider of each joint would
be activated. The metabolic power of each torque
provider is calculated using Eqs. (2)-(10). The
metabolic energy of an individual torque provider is
obtained by integrating the metabolic power over the
entire duration. The metabolic costs of all individual
torque providers are added together to obtain the total
metabolic energy cost.

In the musculoskeletal arm model, all the muscles
associated with arm motion are active. In each sim-
ulation, the program will write a file containing the
joint angles. The program in Matlab runs the Any-
Body console application in batch mode to conduct
inverse dynamic analysis on the musculoskeletal arm.
The metabolic powers of all the muscles are summed
to obtain the overall metabolic power of the whole arm
model. The metabolic cost can be obtained by inte-
grating the overall metabolic power over the motion
duration. The simulation routine of coupling Matlab
with AnyBody is shown in Fig. 4.

For the analytical model, both the shoulder angle de-

Generate m
combination of   

Ds and De

Write joint angles for 
AnyBody simulation

Execute AnyBody 
simulation

Save muscle 
metabolic power

i=1

i = i+1

No

Yes

AnyBodyMatlab

i = m

Stop

Inverse 
kinematics

Calculate 
metabolic

energy

Figure 4: Simulation routine of the musculoskeletal
model in the AnyBody software.

viation Ds and the elbow angle deviation De are varied
from −40◦ to 40◦ in step size of 1◦. For the muscu-
loskeletal model, Ds and De are varied from −40◦ to
40◦ in step size of 5◦.

6 Simulation results

Biomechanical simulations are conducted on the two
proposed models and the reference model as well. Sim-
ulation results of metabolic power, metabolic energy
consumption, and optimal trajectories are compared
to each other among the three models.

6.1 Predicted metabolic power

The metabolic powers predicted by the analytical, mus-
culoskeletal and reference models are shown in Fig. 5.
Four trajectories are selected from Groups A1 to D1,
respectively. All trajectories are specified by De =
−20◦ and Ds = 20◦.

There is barely experimental data about metabolic
costs in human arm motion, due to lack of experimental
techniques. We cannot compare the simulation results
to the experiments to validate the model in a holistic
level. However, there is much literature about exper-
imental results and models on a single muscle (Um-
berger et al., 2003; Ma and Zahalak, 1991). Since we
can simulate the actions of all the muscles in a mus-
culoskeletal arm, the whole metabolic cost for an arm
can be calculated as well. The musculoskeletal model
is a much detailed human arm model with 134 muscles,
which means that the musculoskeletal model predicts
the metabolic power consumptions as the sum of the
metabolic power of each individual muscle.

In general, the analytical model predicts metabolic
power similar to the musculoskeletal model. There is
a good agreement between the analytical and muscu-
loskeletal models in the rates of change, referring to the
increasing and declining parts of the metabolic power
curves in Fig. 5. The reference model predicts similar
metabolic power profile to the analytical model, but
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Figure 5: Metabolic powers of arm motion with four trajectories.

the maximum values are far below the two proposed
models. The analytical model is more close to the
musculoskeletal model in predicting metabolic power
compared to the reference model.

6.2 Predicted metabolic energy

The metabolic energy cost of the analytical model for
the parameterized trajectories in Group A1 is shown
in Fig. 6(a), while those of the musculoskeletal model
and the reference model (Alexander, 1997) are shown
in Fig. 6(b) and 6(c), respectively.

The duration of movements is 0.5s. In Fig. 6, each
point (De, Ds) represents a trajectory. The global
minimum is marked by a red cross. For the analyti-
cal model moving in Group A1, the minimum energy
cost is found at De = −7◦ and Ds = 0◦, with a min-
imal value of 17.662J . For the musculoskeletal model
moving in Group A1, the minimum is found at De = 0◦

and Ds = 10◦, with a minimal metabolic energy cost

of 14.764J . The CPU time for calculating minimal en-
ergy cost for the three models is list in Table 4. It is
seen that the analytical model developed in this work
is more efficient compared with the other two models.

Table 4: Computational time for the three models.

Model Elapsed time [s]
Analytical 20
Musculoskeletal 7.13× 104

Reference 37

6.3 Optimal trajectories

Based on the metabolic energy cost contour, the opti-
mal trajectories can be identified. The optimal trajec-
tories predicted by the proposed two models and the
reference model are shown in Fig. 7 for comparison.
The optimal trajectories obtained with different
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Figure 6: Metabolic energy cost contours obtained
with different models, (a) the analytical
model, (b) the musculoskeletal model, (c)
the reference model reported in (Alexander,
1997).

(a) Group A1 (b) Group B1 (c) Group C1

(d) Group A2 (e) Group B2 (f) Group C2

(g) Group D1 (h) Group D2

Figure 7: Optimal trajectories predicted by the pro-
posed two models and a reference model
(Alexander, 1997). The hand paths are
marked with dots (•), triangle (4), and box
symbols for the proposed analytical, muscu-
loskeletal and reference models, respectively.

models are marked with specified symbols. Optimal
trajectories for both forward and backward arm mo-
tions are displayed. The dashed line indicates the path
of the hand, and the moving direction is marked by
the arrow. The elbow (De) and shoulder (Ds) angle
deviations and metabolic energy costs (Em) for opti-
mal trajectories in Fig. 7 are summarized in Table 5.
The elbow and shoulder joint velocities for the opti-
mal trajectories from Groups A1 to D1 are depicted
in Fig. 8, while Fig. 9 shows the corresponding hand
velocities.

The two proposed models predict very similar opti-
mal trajectories with respect to the reference model,
even though the reference model greatly underesti-
mates the metabolic energy consumption. There are
some discrepancies of the optimal trajectories
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Figure 8: Angular velocities of elbow joint (ωe, solid
curve) and shoulder joint (ωs, dashed curve)
corresponding to optimal trajectories for mo-
tions of Groups A1, B1, C1 and D1 in Fig. 7.
The velocity curves are marked with dots (•),
triangle (4), and box symbols for the pro-
posed analytical, musculoskeletal and refer-
ence models, respectively.

predicted by the musculoskeletal model and the other
two models in Groups A1 and A2. This may be due to
the deviations of the musculoskeletal model.

The hand velocities of the optimal trajectories show
bell-shape profiles, which have a good agreement with
the straight arm motion observed by Flash and Hogan
(1985). Fig. 7 shows that unconstrained point-to-point
motions are not only approximately straight, but also
metabolic energy optimal.

The optimal trajectories in forward and back-
ward arm movements, displayed in Fig. 7(a)-7(c) and
Fig. 7(d)-7(f), respectively, show that they do not nec-
essarily follow the same hand paths in forward and
backward movements.
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Figure 9: Hand velocities of the corresponding optimal
trajectories of Groups A1, B1, C1 and D1 in
Fig. 7. The velocity curves are marked with
dots (•), triangle (4), and box symbols for
the proposed analytical, musculoskeletal and
reference models, respectively.

6.4 Metabolic power of optimal
trajectories

Metabolic power of the optimal trajectories for target
points in Groups A1 and C1 are calculated by the two
proposed models and the reference model, as shown
in Fig. 10. The metabolic power is calculated based
on the optimal trajectories obtained by the analyti-
cal model. It is seen that the analytical and the mus-
culoskeletal model predict similar profile of metabolic
power consumption, even though the analytical model
overestimates the power a bit than the musculoskeletal
one. Nevertheless, the model reported by Alexander
underestimates the metabolic power significantly com-
pared to the two proposed models.
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Table 5: Elbow (De) and shoulder angle deviation (Ds) and metabolic cost (Em) of optimal trajectories in Fig.7.

Model
Group A1 Group B1 Group C1 Group D1

De Ds Em De Ds Em De Ds Em De Ds Em

Analytical −7◦ 0◦ 17.662 J 2◦ −1◦ 6.816 J 15◦ −2◦ 22.934 J 0◦ 0◦ 6.939 J
Musculoskeletal 0◦ 10◦ 14.764 J 5◦ 0◦ 3.537 J 20◦ 0◦ 24.594 J 15◦ 0◦ 14.505 J
Ref. Model −11◦ 1◦ 2.614 J 0◦ −1◦ 1.46 J 26◦ −4◦ 10.929 J 17◦ −3◦ 1.422 J

Group A2 Group B2 Group C2 Group D2
Analytical −1◦ 5◦ 28.792 J 5◦ −3◦ 20.980 J 17◦ −4◦ 19.982 J 20◦ 0◦ 23.751 J
Musculoskeletal 15◦ 10◦ 14.429 J 5◦ 0◦ 5.875 J 20◦ −5◦ 14.670 J 25◦ 0◦ 26.340 J
Ref. Model −3◦ 6◦ 3.916 J 10◦ −5◦ 4.862 J 17◦ −4◦ 2.045 J 30◦ −2◦ 12.113 J

6.5 Different durations with the analytical
model

Optimal trajectories in Group A1 for four different du-
rations (0.3 s, 0.5 s, 0.8 s, 1s) predicted by the analyti-
cal model are shown in Fig. 11. Details of the optimal
trajectories with the four time durations are listed in
Table 6.

Table 6: Elbow and shoulder angle deviations of opti-
mal trajectories with different durations pre-
dicted by the analytical model.

Points
0.3 s 0.5 s 0.8 s 1 s

De Ds De Ds De Ds De Ds

Group A1 −7◦ 0◦ −7◦ 0◦ −3◦ −1◦ 24◦ −12◦

Group B1 2◦ −1◦ 2◦ −1◦ 2◦ −1◦ 2◦ −1◦

Group C1 16◦ −3◦ 15◦ −2◦ 15◦ −2◦ 15◦ −2◦

Group D1 0◦ 0◦ 0◦ 0◦ 0◦ 0◦ 0◦ 0◦

For motions in Groups B1, C1 and D1, all the opti-
mal trajectories for four different durations are almost
identical, according to the values of De and Ds in Ta-
ble 6.

In Group A1, the optimal trajectories of the fast
movements (0.3 s, 0.5 s) and those of the slow move-
ments (0.8s, 1s) show a nearly straight path of the
hand, as that Flash and Hogan (1985) observed. No
significant differences are observed.

7 Discussions

It can be noticed that all models, the analytical and
musculoskeletal models and the reference model, lead
to very similar optimal trajectories. Also, the model-
predicated optimal trajectories match the observed hu-
man planar arm movements (Flash and Hogan, 1985).

The analytical model takes a simple form with only
four torque providers included, compared to the mus-
culoskeletal model using 134 muscles. On the other
hand, the metabolic energy costs calculated by the two
proposed models and reference model have consider-
able differences, as shown in Table 5. In some cases,

the muscles in a human arm are antagonistic to caus-
ing substantial energy waste. This part of energy cost
is considered in the proposed analytical model and the
musculoskeletal model, but not in the reference model.
It is apparent that the metabolic costs calculated by
the two models developed presently are much larger
than that calculated by the reference model. In some
cases, the metabolic cost calculated by the analyti-
cal model is even a bit larger than that by the mus-
culoskeletal model. It is reasonable that the muscu-
loskeletal model is considered as a better predictor of
metabolic energy cost.

Predicted optimal trajectories in all groups are simi-
lar among the three models, except Groups A1 and A2.
The differences are apparent if we look into the elbow
angle deviation De and shoulder angle deviation Ds

in Table 5. The elbow angle deviation De differences
among Groups B1, C1, D1 is below 17◦, and the shoul-
der angle deviation Ds differences is below 4◦. Com-
paring forward and backward arm motions like Groups
B1 and B2, the optimal trajectories of the forward mo-
tions (Group B1) are similar to those of the backward
motions (Group B2). However, the optimal trajectories
of forward motions in Group A1 and backward motions
in Group A2 are different, especially those predicted by
the analytical and reference models. The trajectories
predicted by the two models in Fig. 7(a) show almost
straight paths, and those in Fig. 7(d) show apparent
curved paths.

Besides, the computational times with the analyti-
cal and musculoskeletal models are significantly differ-
ent. The analytical model involves only numerical cal-
culation, and is much more efficient than the muscu-
loskeletal model. A natural progression of the work is
to investigate whether a joint moment-driven model,
which can be even more computationally efficient, can
also provide valid results, thus eliminating the need for
muscles in the model.
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Figure 10: Metabolic power of optimal trajectories in
Groups A1 and C1 predicted by the analy-
tical, musculoskeletal and reference models.

8 Conclusions

In this paper, an analytical and a musculoskeletal mo-
dels were developed and compared with a reference
model. Both models are able to calculate metabolic
cost. Optimal trajectories were identified with the de-
veloped models for planar arm movements. The com-
parisons between the three models showed that even
though the two proposed models and the reference
model predict similar optimal trajectories, the refer-
ence model greatly underestimates the metabolic cost.
Among the two newly proposed models, the muscu-
loskeletal model is more accurate in predicting the
metabolic energy cost while the analytical one is more
efficient in predicting optimal trajectories. Given the
fact that the predication results from two models are
very close, the simple analytical model can replace
the complicated musculoskeletal model in predicting

Figure 11: Optimal trajectories in Group A1 corre-
sponding to four different durations by the
proposed analytical model. The hand paths
are marked with dots (◦), cross (×), trian-
gle (4), and box symbols for duration 0.3
s, 0.5 s, 0.8 s, and 1 s, respectively.

metabolic costs and energy efficient trajectories in cer-
tain applications where the overall behavior of the arm
motion is of interest.
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